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We propose a universal classifier for binary Neyman–Pearson classification where the null distribution 
is known, while only a training sequence is available for the alternative distribution. The proposed 
classifier interpolates between Hoeffding’s classifier and the likelihood ratio test and attains the same 
error probability prefactor as the likelihood ratio test, i.e. the same prefactor as if both distributions were 
known. In addition, such as Hoeffding’s universal hypothesis test, the proposed classifier is shown to attain 
the optimal error exponent tradeoff attained by the likelihood ratio test whenever the ratio of training to 
observation samples exceeds a certain value. We propose a lower bound and an upper bound to the optimal 
training to observation ratio. In addition, we propose a sequential classifier that attains the optimal error 
exponent tradeoff. 

Keywords : classification; composite hypothesis testing; sequential hypothesis testing; Neyman–Pearson 
hypothesis testing; likelihood ratio test. 

1. Introduction 

The problem of deciding between multiple statistical descriptions of a given observation is one of 
the main problems in statistics and finds applications in a number of fields including engineering, 
signal processing, medicine and finance among others [24]. Depending on whether or not the possible 
probability distributions of the observation are known, the problem is termed hypothesis testing or 
classification. In the case where there are only two possible distributions of the observation, one typically 
refers to these decision problems as binary. When priors on the distributions are available, the problem is 
cast as Bayesian and the average probability of error determines the quality of the detection. In the 
absence of priors, the design of tests and classifiers minimizes one pairwise error probability while 
keeping the other upper bounded by a constant. This setting, proposed by Neyman and Pearson [30], 
has been adopted as the de-facto test design setting since it allows for both pairwise error probabilities 
to be bounded, unlike average risk minimization. 

Upon observing a vector of n observations, the hypothesis test that minimizes the above pairwise 
error probability tradeoff when the two possible distributions are known is given by the likelihood ratio 
test [30]. Instead, when decisions need to be made each time a new observation arrives, the sequential 
probability ratio test (SPRT) provides the best exponential decay of the error probability (or error 
exponent) [26, 39]. In this case, the decision time is a random variable which is constrained in mean. 
When one of the hypothesis distributions belongs to some class of distributions and only the class is 
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2 P. BOROUMAND AND A. GUILLÉN I FÀBREGAS

known, Hoeffding proposed the generalized likelihood ratio test that attains the optimal error exponent 
[18]. When the distributions are not known, several classifiers, such as logistic regression, support vector 
machines and naive Bayes, have been proposed in the literature [9, 10, 15, 17]. However, none of these 
classifiers provides a guarantee on the type-I error probability resulting in the possibility of a large 
type-I errors. In the Neyman–Pearson setting, [35] gives uniform bounds on type-I error probability for 
the plugin likelihood ratio test when both distributions are unknown, and only training sequences from 
both distributions are available. Gutman [16] proposed universal classifiers that guarantee a certain type-I 
error exponent under any probability distribution pair while achieving the lowest type-II error probability. 
Asymptotic refinements, including second, third and fourth order, of the error exponent analysis have 
been developed in the data transmission context in [28, 31]. Zhou et al. [42] proved the second order 
optimality of Gutman’s classifier. Zeitouni et. al [41] extended Hoeffding’s test to the case where both 
hypotheses are known to belong to a parametric family of distributions. The Kolmogorov–Smirnov test 
[21] can also be used in the case when the null hypothesis is known and has continuous alphabet. 

This paper considers the setting when the null hypothesis generating distribution is known, while 
only a training sequence is available for the alternative hypothesis. This can be the case in the unbalanced 
training sample size when a large number of training samples is available for the null hypothesis so that 
with high accuracy, the distribution can be estimated. In contrast, the alternative distribution cannot be 
accurately estimated due to small number of training samples. The scenario when the number of test and 
training samples is fixed can also be viewed as composite hypothesis testing with known null hypothesis 
and an additional training sequence. Hoeffding’s test can achieve the optimal error exponent when the 
null hypothesis distribution is given. However, the prefactor attained by Hoeffding’s test is only optimal 
for distributions defined over binary alphabets. 

In this paper, we propose a classifier that achieves the optimal prefactor (up to a constant factor) using 
the additional training samples while attaining the optimal error exponent tradeoff whenever the training 
to observation sample ratio exceeds a certain value. The proposed classifier interpolates between the 
plugin likelihood ratio and Hoeffding’s tests. We also study the case when the test and training samples 
are generated sequentially. There is no classifier similar to Hoeffding’s in this scenario that can achieve 
the error exponent gain by taking test samples sequentially when only the null hypothesis is known. 
However, the proposed classifier can improve the achievable error exponent by exploiting the additional 
training samples from the unknown distribution. 

This paper is structured as follows. Section 2 introduces notation and reviews the preliminaries about 
the likelihood ratio test and Hoeffding’s generalized likelihood ratio test. Section 3 proposes the new 
classifier for a fixed sample size setting and shows the finite length improvements over Hoeffding’s test. 
Section 4 discusses the classification problem in the Stein regime and shows the optimality of Gutman’s 
test in this regime. Section 5 proposes a sequential classifier achieving the highest error exponent tradeoff 
in the proposed setting. Proofs of the main results can be found in the Appendices. 

2. Prelimenaries 

Consider the following binary classification problem where an observation x = (x1, . . . , xn) is generated 
in an i.i.d. fashion from either of two possible distributions P0 or P1 defined on the probability simplex 
P(X) with alphabet size |X| < ∞. We assume that the distribution P0 is known, while only a sequence 
of training samples z = (z1, . . .  , zk) ∼ Pk 

1 generated in an i.i.d. fashion from P1 is available; training and 
test sequences are sampled independently from each other. We also assume that both P0(x) >  0, P1(x) >  
0 and P0(x) 

P1(x) ≤ c for each x ∈ X for some positive c. Also we let  k, the length of the training sequence, 
be such that k = αn for some positive α. 

The type of an n-length sequence y is defined as T̂y(a) = N(a|y) 
n , where N(a|y) is the number of 

occurrences of symbol a ∈ X in sequence y. The types of the observation and training sequences x, z
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UNIVERSAL NEYMAN–PEARSON CLASSIFICATION 3

are denoted by T̂x, T̂z, respectively. The set of all sequences of length n with type P, denoted by T n 
P , is  

called the type class. The set of types formed with length n sequences on the simplex P(X ) is denoted 
as Pn(X ). 

Let φ(z, x) : X k × X n → {0, 1} be a classifier that decides the distribution that generated the 
observation x upon processing the training sequence z. We consider deterministic classifiers φ that decide 
in favor of P0 if x ∈ A0(P0, z), where A0(P0, z) ⊂ X n is the decision region for the first hypothesis and 
is a function of P0 and the training samples z. We define A1(P0, z) = X n\A0 to be the decision region for 
the second hypothesis. If we assume no prior knowledge on either distribution, the two possible pairwise 
error probabilities determine the performance of the classifier. Specifically, the type-I and type-II error 
probabilities are defined as 

ε0(φ) =
∑

z∈X k 

P1(z)
∑

x∈A1(P0,z) 

P0(x), (2.1) 

ε1(φ) =
∑

z∈X k 

P1(z)
∑

x∈A0(P0,z) 

P1(x). (2.2) 

In the case where both distributions are known, the training sequence is not needed and the classifier 
becomes a hypothesis test. In this case, the classifier is said to be optimal whenever it achieves the 
optimal error probability tradeoff given by 

min 
φ:ε0(φ)≤ξ 

ε1(φ), (2.3) 

where ξ ∈ [0, 1]. It is well known that likelihood ratio test defined as 

φlrt(x) = 1
{

Pn 
1(x) 

Pn 
0(x) 

≥ enγ

}
(2.4) 

attains the optimal tradeoff ( 2.3) for every γ . This is the well-known Neyman–Pearson lemma [30]. The 
likelihood ratio test can also be expressed as a function of the type of the observation T̂x as [11, 13] 

φlrt(T̂x) = 1
{
D(T̂x‖P0) − D(T̂x‖P1) ≥ γ

}
, (2.5) 

where D(P‖Q) = ∑
x∈X P(x) log P(x) 

Q(x) is the relative entropy between distributions P and Q. The  
optimal error exponent tradeoff (E0, E1) is defined as 

E∗
1(E0) ≜ sup

{
E1 ∈ R+ : ∃φ, ∃n0 ∈ Z+ s.t. ∀n > n0, ε0(φ) ≤ e−nE0 and ε1(φ) ≤ e−nE1

}
. (2.6) 

In the case where both E0, E1 are strictly positive, we refer to the error exponent tradeoff in ( 2.6) as  
the Chernoff regime. By using Sanov’s Theorem [11, 14], the optimal error exponent tradeoff (E1, E0) 
attained by the likelihood ratio is given by 

E0(φ
lrt) = min 

Q∈Q0(γ ) 
D(Q‖P0), (2.7) 

E1(φ
lrt) = min 

Q∈Q1(γ ) 
D(Q‖P1), (2.8) 
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4 P. BOROUMAND AND A. GUILLÉN I FÀBREGAS 

where 

Q0(γ ) = {
Q ∈ P(X ) : D(Q‖P0) − D(Q‖P1) ≥ γ

}
, (2.9) 

Q1(γ ) = {
Q ∈ P(X ) : D(Q‖P0) − D(Q‖P1) ≤ γ

}
. (2.10) 

By varying the threshold γ in the range −D(P0‖P1) ≤ γ ≤ D(P1‖P0), eqs ( 2.7) and (2.8) fully 
characterize the error exponent tradeoff in (2.6). Furtheremore, the minimizing distribution in (2.7), 
(2.8) is the tilted distribution 

Qλ∗(x) = Pλ∗ 
0 (x)P

1−λ∗ 

1 (x)∑
a∈X P

1−λ∗ 
0 (a)Pλ∗ 

1 (a) 
, 0 ≤ λ∗ ≤ 1, (2.11) 

where λ∗ is the solution of D(Qλ∗‖P0) − D(Qλ∗‖P1) = γ . 
The classification problem described above with known P0 and a training sequence from P1, can 

also be viewed as a composite binary hypothesis problem where additional training sequence samples 
are given for the second hypotheses. In the case of a composite hypothesis testing problem where P0 
is given, and the other hypothesis is unrestricted to P(X ), Hoeffding proposed in [18] a generalized 
likelihood-ratio test given by 

φglrt(x) = 1
{
D(T̂x‖P0) >  E0

}
, (2.12) 

which attains the optimal error exponent tradeoff in ( 2.6). By Sanov’s theorem, the error exponent of 
Hoeffding’s test is given by 

E0(φ
glrt) = E0, (2.13) 

E1(φ
glrt) = min 

Q∈P(X ), 
D(Q‖P0)≤E0 

D(Q‖P1), (2.14) 

where the minimizing distributions in ( 2.14) is given by 

Qμ∗(x) = P 
μ∗ 

1+μ∗ 
0 (x)P 

1 
1+μ∗ 
1 (x)

∑
a∈X P 

μ∗ 
1+μ∗ 
0 (a)P 

1 
1+μ∗ 
1 (a) 

, μ∗ ≥ 0, (2.15) 

and μ∗ is the solution to D(Qμ∗‖P0) = E0. By varying the threshold E0 in the range 0 ≤ E0 ≤ D(P1‖P0), 
eqs ( 2.13) and (2.14) fully characterize the error exponent tradeoff in (2.6). Using a large deviations 
refinement [20, 37], the type-I error probability of the likelihood ratio test is 

ε0(φ
lrt) = 

1√
n 

e−nE0
(
c + o(1)

)
, (2.16)
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UNIVERSAL NEYMAN–PEARSON CLASSIFICATION 5 

while Hoeffding’s test type-I error probability is given by [20, 25] 

ε0(φ
glrt) = n

∣∣X ∣∣−3 
2 e−nE0

(
c′ + o(1)

)
, (2.17) 

where c, c′ are constants that only depend on P0, P1 and the corresponding test thresholds. Since the 
likelihood ratio and Hoeffding’s tests attain the optimal error exponent tradeoff ( 2.6), for any fixed 
E0, then E1(φ

glrt) = E1(φ
lrt). As a result, when the number of observations is large, Hoeffding’s test, 

although attaining the optimal error exponent tradeoff, suffers in exponential prefactor when compared 
with the likelihood ratio’s 1√

n for observation alphabets such that |X | > 2. For |X | =  2, the decision 
regions for the likelihood ratio and Hoeffding’s tests coincide, and thus, (2.17) is the same as (2.16). 

3. Fixed sample sized universal classifier 

In this section, we propose a classifier that interpolates between the likelihood ratio and Hoeffding’s 
tests that attains a prefactor that is independent of the alphabet size and is equal to 1√

n . In addition, we 
show that if the ratio of training samples to the number of test samples α exceeds a certain threshold, the 
proposed test also achieves the optimal error exponent tradeoff. 

Hoeffding’s test can favor the second hypothesis for test sequences with types close to P0 while 
far from P1. Suppose we have a training sequence type T̂z, we can relax the Hoeffding’s test from a ball 
centered at P0 to a hyperplane tangent to the Hoeffding’s test ball, directed toward the type of the training 
sequence. As we will see, this is precisely what enables the improvement in the prefactor of the type-I 
probability of error. We propose the following classifier: 

φβ(T̂x, T̂z) = 1
{
βD(T̂x‖T̂ ′

z) − D(T̂x‖P0) ≤ γ (E0, T̂ ′
z)
}
, (3.1) 

where 0 ≤ β ≤ 1, the threshold γ (E0, Q1) is given by 

γ (E0, Q1) = β min 
Q∈P

(
X

)
, 

D(Q‖P0)≤E0 

D(Q‖Q1) − E0, (3.2) 

the perturbed training type T̂ ′
z(a) is 

T̂ ′
z(a) = (

1 − δn

)
T̂z(a) + 

δn 
|X | , (3.3) 

where δn can be chosen as any function of the order o(n−1). We add this small perturbation of the training 
type to avoid the cases where some of the alphabet symbols have not been observed in the training 
sequence. We define the decision regions of the proposed classifier by 

A0(T̂z, β) = {Q : Q ∈ P(X ), φβ(Q, T̂z) = 0}, (3.4) 

A1(T̂z, β) = {Q : Q ∈ P(X ), φβ(Q, T̂z) = 1}. (3.5) 
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6 P. BOROUMAND AND A. GUILLÉN I FÀBREGAS 

FIG. 1. Proposed classifier with known distribution P0 and a training sequence with type T̂z. 

Since parameter β controls how much the training weights in the decision, we have that when β = 0, we 
recover Hoeffding’s test, while for β = 1, the test is reminiscent of a likelihood ratio test where instead 
of P1, we have the perturbed training type T̂ ′

z(a). Intuitively, as long as we have enough training samples, 
the training type T̂ ′

z(a) will be close to P1 and we will attain the optimal error exponent tradeoff. This is 
indeed what will be shown next. 

Figure 1 illustrates the proposed classifier for a realization of the training sequence when β = 1. The 
proposed classifier becomes the plug-in likelihood ratio test, where the test’s threshold has been adjusted 
by the training samples such that the resulting hyperplane of the likelihood ratio test is tangent to the 
relative entropy ball of radius E0 centered at P0. The type-I error exponent will be equal to E0 for any 
realization of T̂z. However, the type-II error exponent for a given training sample E1(T̂

′
z) is the projection 

of P1 into the separating hyperplane determined by the test, which is the function of the training sequence 
and can vary accordingly. 

Next, we find a refined expression for the type-I error probability and show that the error probability 
prefactor is O

( 1√
n

)
, i.e. of the same order of the prefactor achieved by the likelihood ratio test. 

THEOREM 3.1 For P0, P1, 0  < β  ≤ 1 and fixed E0, the classifier φβ defined in (3.1) attains a type-I error 
probability such that 

ε0(φβ) = 
1√
n 

e−nE0(c + o(1)). (3.6) 

In addition, for every P0, P1, E0, β ∈ (0, 1], there exists a finite training to sample size ratio α∗
β such that 

for any α >  α∗
β , we have that 

ε1(φβ) = 
1√
n 

e−nE∗
1(E0) (c′ + o(1)), (3.7) 

where c, c′ are positive constants that only depend on the data distributions and E0. 

Proof. The proof can be found in Appendix B. ◻ 

We have shown that the classifier proposed in (3.1) not only achieves the optimal error exponent 
tradeoff for α >  α∗

β but also achieves the same prefactor of the type-I error probability of the likelihood 
ratio test. This represents a significant improvement with respect to the Hoeffding’s universal test for
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UNIVERSAL NEYMAN–PEARSON CLASSIFICATION 7

observation alphabets |X | > 2. In addition, we show that the proposed classifier achieves the same 
prefactor as the type-II error probability of the likelihood ratio test, establishing the optimality of the 
proposed classifier up to a constant. 

EXAMPLE 3.2 We present a numerical example to illustrate the performance of the proposed classifier 
in (3.1). Consider two trinary distributions P0 = [0.3, 0.3, 0.4], P1 = [0.35, 0.35, 0.3] and set α = 2 
and E0 = 0.005. Each point in the figure is obtained by estimating the average error probability as 
follows. For each length of the test sequence n, we estimate the type-I and type-II error probabilities of 
the classifier in (3.1) as well as those of the likelihood ratio test in (2.5) and Hoeffding’s classifier over 
5 · 107 independent experiments. As it can be seen in Fig. 2, the type-I error exponent of the likelihood 
ratio test, and the proposed classifier are very close to each other and outperform the Hoeffding’s test. In 
addition, we observe that the type-II error exponent of the proposed classifier is slightly worse than that 
of the likelihood ratio and Hoeffding’s tests for small n; as  n increases, the proposed classifier achieves 
the optimal exponent. In addition, in order to clearly observe the effect of the prefactor, in Fig. 3, we  
plot log εi(φ) 

1√
n e

−nEi 
for i ∈ {0, 1} for the same classifiers. We first notice that in the case of log ε1(φ) 

1√
n e

−nE1 
, the  

three classifiers achieve the optimal 1√
n prefactor, though with different constants. We also observe that 

log ε0(φ) 
1√
n e

−nE0 
converges to a constant for the likelihood ratio test and the new classifier, as predicted by 

our analysis. Instead, as (2.17) suggests, Hoeffding’s classifier fails to attain the optimal 1√
n prefactor 

for ε0. 

Theorem 3.1 shows that the classifier in (3.1) can achieve the optimal error exponent tradeoff if the 
training to sample ratio α is large enough. As it is evident by the proof of Theorem 3.1, the proposed 
classifier cannot achieve the optimal error exponent tradeoff for α close to zero. Therefore, it is desirable 
to find the smallest α∗

β such that the above theorem holds. The next results introduce lower and upper 
bounds to α∗

β . As it is apparent from the proof, the proposed bounds are specific to the proposed classifier. 
Before stating the next result, we need some additional definitions. Define the matrix 

H = βη∗
β 
√

J
[
Q + η∗

1V + (1 − η∗
1)W − T

]√
J, (3.8) 

where 

T = diag(Qμ∗), J = diag

(
1 

P1

)
, (3.9) 

where Qμ∗ is defined in ( 2.15) when Q1 = P1, W = wwT , V = vvT , Q = qqT , where for i = 1, . . . , |X |, 
the entries of w, v, q are, respectively, defined as 

wi =
1√

VarQμ∗
(

log Qμ∗ 
P0

)Qμ∗(i)log
(Qμ∗(i) 

P0(i)

)
− E0 (3.10) 

vi =
1√

VarQη∗
β 
(Ω) 

Qη∗
β 
(i)Ω(i) (3.11) 

qi = Qμ∗(i), (3.12) 
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8 P. BOROUMAND AND A. GUILLÉN I FÀBREGAS 

FIG. 2. Type-I and type-II error exponents for the likelihood ratio test, Hoeffding’s test and the proposed classifier. 

where Qη∗
β 
, is the projection of P1 onto A0(P1, β), which equals to Qμ∗ , i.e. the tilted distribution 

Qη∗
β 
(x) = 

P 

1−η∗
β β 

1+η∗
β

−η∗
β β 

1 (x)P 

η∗
β 

1+η∗
β

−η∗
β β 

0 (x)

∑
a∈X P 

1−η∗
β β 

1+η∗
β

−η∗
β β 

1 (a)P 

η∗
β 

1+η∗
β

−η∗
β β 

0 (a) 

, (3.13) 

Ω(i) = β log 
P1(i) 
P0(i) 

+ (1 − β) log 
Qη∗

β 
(i) 

P0(i) 
, i ∈ X, (3.14) 
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UNIVERSAL NEYMAN–PEARSON CLASSIFICATION 9 

FIG. 3.  log εi(φ) 
1√
n e

−nEi 
for i ∈ {0, 1} and for the likelihood ratio test, Hoeffding’s test and the proposed classifier. 

and η∗
β is the optimal Lagrange multiplier in the problem below for 0 < β  ≤ 1 

L(Q, Q1, η, ν) = D(Q‖P1) + η
(
D(Q‖P0) − βD(Q‖Q1) + γ (E0, Q1)

)

+ ν 

⎛ 

⎝∑
x∈X 

Q(x) − 1 

⎞ 

⎠ . (3.15) 

THEOREM 3.3 For every P0, P1 ∈ P(X ) and E0 > 0, we have αβ ≤ α∗
β where 

αβ = −Λmin(H), (3.16)
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10 P. BOROUMAND AND A. GUILLÉN I FÀBREGAS 

FIG. 4. Lower bound on the required training to test sample ratio αβ for achieving the optimal error exponent trade-off with the 
proposed classifier for 0 < β  ≤ 1. 

and Λmin is the smallest eigenvalue of the matrix H. Moreover, for |X | ≥  6 

αβ ≥ βη∗
β

[Qη∗
β 

P1

]
(3) 

, (3.17) 

where
[Qη∗

β 
P1

]
(3) 

is the third largest value of 
Qη∗

β (i) 

P1(i) for i ∈ {1, . . . , |X |}. 

Proof. The proof can be found in Appendix C. ◻ 

EXAMPLE 3.4 Letting the distributions P0 = Bern(0.3), P1 = Bern(0.4), we have set  E0 = 0.005. Figure 
4 shows the relation of the αβ for 0 < β  <  1. As can be seen from the figure, αβ is increasing in β 
and is equal to zero for β = 0 as expected, since for β = 0, the proposed classifier is equal to universal 
Hoeffding’s test and achieves the optimal type-II error exponent for every P1. However, β = 0, as 
discussed before, is the singularity point as the type-I error probability prefactor looses its independence 
from dimension. 

We next find an upper bound on the optimal training to observation ratio α∗
β . 

THEOREM 3.5 For every P0, P1 ∈ P(X ) and E0 > 0, we have that α∗
β ≤ ᾱ where 

ᾱ = 
λ∗(4 + λ∗)(1 + κ) 

(Pmin 
1 )2 , (3.18) 

Pmin 
1 ≜ minx∈X P1(x), λ∗ is the optimal Lagrange multiplier in ( 2.11) and 

κ =
√

E1(E0, P1) 
λ∗(4 + λ∗) 

. (3.19)
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UNIVERSAL NEYMAN–PEARSON CLASSIFICATION 11

Proof. The proof can be found in Appendix D. ◻ 

Note that the upper bound (3.19) and the lower bound (3.17) to  α∗
β suggest that as P1 approaches the 

probability simplex boundaries, i.e. as Pmin 
1 approaches zero, the classification problem becomes more 

challenging, and we need more training samples to achieve the optimal exponents. For the classification 
problem in Example 3.4, the upper bound in (3.19) gives  ̄α = 14.19, i.e. if the ratio of training samples 
to the number of test samples exceeds 14.19, the proposed test with β = 1 achieves (3.6), (3.7). See 
[22] for general conditions between alphabets size and training sample size when both hypotheses are 
unknown. 

4. Stein regime classification 

In this section, we study the classification problem in the Stein regime. For the case where both 
hypotheses are known, the Stein regime is defined as the highest error exponent under one hypothesis 
when the error probability under the other hypothesis is at most some fixed ε (see, e.g. [11]) 

E(ε) 
1 ≜ sup

{
E1 ∈ R+ : ∃φ, ∃n0 ∈ Z+ s.t. ∀n > n0 ε0(φ) ≤ ε and ε1(φ) ≤ e−nE1

}
. (4.1) 

The the optimal E(ε) 
1 , given by [ 11] 

E(ε) 
1 (φlrt) = D(P0‖P1), (4.2) 

can be achieved by setting the threshold in ( 2.5) to be  γ = −D(P0‖P1) + c√
n , where c is a constant that 

depends on distributions P0, P1 and ε. Similarly, our setting where P0 is known and a training sequence 
of the second hypothesis is available, we can define the Stein exponent as the highest error exponent 
under one hypothesis when the error probability under the other hypothesis is at most some fixed ε for 
all probability distributions P̃1, i.e. 

E(ε) 
1 ≜ sup

{
E1 ∈R+ : ∃φ, ∃n0 ∈ Z+ s.t. ∀n > n0, ∀ P̃1 ∈ P(X ), 

ε0(φ|P0, P̃1) ≤ ε and ε1(φ|P0, P1) ≤ e−nE1
}

, (4.3) 

where ε0(φ|P0, P̃1) is the error probability when the generating distributions are P0, P̃1, i.e. for all 
possible distributions, P̃1 the type-I probability of error is bounded by some ε and E(ε) 

1 is the maximum 
achievable type-II error exponent under the actual distribution generating data P1. Similarly, 

E(ε) 
0 ≜ sup

{
E0 ∈ R+ : ∃φ, ∃n0 ∈ Z+ s.t. ∀n > n0, ε0(φ|P0, P1) ≤ e−nE0 , 

ε1(φ|P0, P̃1) ≤ ε ∀ P̃1 ∈ P(X )
}

. (4.4) 

In other words, we are interested in the best possible error exponent for one of the hypothesis, while the 
probability of error under alternative hypothesis is some ε universally for any distribution P1. 
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12 P. BOROUMAND AND A. GUILLÉN I FÀBREGAS

THEOREM 4.1 Let ε ∈ (0, 1), then for any probability distributions P0, P1, the Stein regime exponents are 
given by 

E(ε) 
1 = D(P0‖P1), (4.5) 

E(ε) 
0 = D α 

1+α 
(P1‖P0), (4.6) 

where Dρ(P1‖P0) = 1 
ρ−1 log

∑
x∈X Pρ 

0 P1−ρ 
1 is the Rényi divergence of order ρ. 

Proof. The proof can be found in Appendix J. ◻ 

Observe that E(ε) 
1 is equal to the Stein exponent for the likelihood ratio test where both distributions 

are known. However, since Rényi divergence is a non-decreasing function of its order and α 
1+α < 1, 

hence E(ε) 
0 is strictly smaller than the Stein regime exponent achieved by the likelihood ratio test. 

5. Sequential classification with a known hypothesis 

In this section, we study sequential classification with a known hypothesis. When both hypotheses are 
known, the SPRT can achieve higher exponents compared with the likelihood ratio test. When only one of 
the hypotheses is known, Hoeffding’s test can achieve the best error exponent achieved by the likelihood 
ratio test in the fixed sample size scenario. However, there is no counterpart to Hoeffding’s test in the 
sequential case when only one of the hypotheses is known, i.e. no classifier can achieve the same error 
exponent performance as the SPRT [39]. We propose a classifier inspired by the SPRT and show that 
having training samples from the second hypothesis can improve the error exponent tradeoff compared 
with the fixed sample-sized classification. 

In the sequential setting, the number of samples is a random variable called the stopping time τ , 
taking values in Z+. A sequential classifier is a pair Φ = (φ : X τ × X ατ → {0, 1}, τ), where for 
every n ≥ 0, the event {τ ≤ n} ∈  Fn, and Fn is the sigma-algebra induced by random variables xn, zαn, 
i.e. σ(xn, zαn). We also assume that at every stage, additional training and test samples are available to 
the classifier, such that α = k 

n remains constant. Moreover, φ is a Fτ measurable decision rule, i.e. the 
decision rule determined by casually observing the sequence xn, zαn. In other words, at each time instant, 
the test attempts to decide in favor of one of the hypotheses or chooses to take new samples from the 
source P1 as well as new samples from the unknown data source. 

The two possible pairwise error probabilities that measure the performance of the test are defined as 

ε0(Φ) = P0

[
φ(xτ , zατ ) ⁄= 0

]
, ε1(Φ) = P1

[
φ(xτ , zατ ) ⁄= 1

]
, (5.1) 

where the probabilities are over P0, P1, respectively. Similarly to the sequential hypothesis testing case, 
we define the optimal error exponent as 

E∗
1(E0) ≜ sup

{
E1 ∈ R+ : ∃Φ, ∃n′ ∈ Z+ s.t. ∀n0 > n′, n1 > n′, 

EP0 [τ ] ≤ n0, EP1 [τ ] ≤ n1, ε0(Φ) ≤ 2−n0E0 and ε1(Φ) ≤ 2−n0E1
}

. (5.2) 
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UNIVERSAL NEYMAN–PEARSON CLASSIFICATION 13

When both hypotheses are known, the SPRT Φ = (φ, τ)  proposed by Wald [38] achieves the optimal 
exponent tradeoff. The SPRT is given by 

τ = inf
{
t ≥ 1 :  St ≥ γ0 or St ≤ −γ1

}
, (5.3) 

where 

Sn = 
t∑

i=1 
log 

P0(xi) 
P1(xi) 

, (5.4) 

is the accumulated log-likelihood ratio (LLR) of the observed sequence x and the thresholds γ0, γ1 are 
two positive real numbers. Moreover, the test makes a decision according to the rule 

φ(T̂x) =
{

0 if  Sτ ≥ γ0 
1 if  Sτ ≤ −γ1. 

(5.5) 

It is shown in [ 38] that the above test attains the optimal error exponent tradeoff, i.e., as thresholds γ0, γ1 
approach infinity, the test achieves the best error exponent trade-off in (5.2). It is known that the error 
probabilities of SPRT as a function of γ0 and γ1 are [40] 

ε0 = c0 · e−γ1 , ε1 = c1 · e−γ0 , (5.6) 

as γ0, γ1 → ∞, where c0, c1 are positive constants. Moreover, it can also be shown that 

EP0 [τ ] = γ0 
D(P0‖P1) 

(1 + o(1)), (5.7) 

EP1 [τ ] = γ1 
D(P1‖P0) 

(1 + o(1)). (5.8) 

Therefore, according to definition ( 5.2), the optimal error exponent tradeoff is given by 

E0 · E1 ≤ D(P1‖P0) · D(P0‖P1), (5.9) 

where thresholds γ0, γ1 are chosen as 

γ0 = n0

(
D(P0‖P1) + o(1)

)
, γ1 = n1

(
D(P1‖P0) + o(1)

)
. (5.10) 

Hence, the SPRT achieves the Stein regime error exponents achievable by the standard likelihood ratio 
test [ 30] simultaneously. 

For every fixed n. we propose the following sequential classifier: 

τ = inf
{
t ≥ n : St(T̂x, T̂z) ≥ γ0,n(t) or St(T̂x, T̂z) ≤ −γ1,n(t)

}
, (5.11)
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14 P. BOROUMAND AND A. GUILLÉN I FÀBREGAS 

where 

St(T̂x, T̂z) = 
t∑

i=1 
log 

P0(xi) 
T̂ ′

z(xi) 
, (5.12) 

is the accumulated LLR using the plugin perturbed type of the training sequence evaluated at the observed 
sequence x, and 

T̂ ′
z = (1 − δn)T̂z + 

δn 
|X| , (5.13) 

where δn = o(n−1) and γ0,n(t), γ1,n(t) are chosen as 

γ0,n(t) = nD(P0‖T̂ ′
z) + (4|X| +  4) log(t + 1), γ1,n(t) = nD(T̂z‖P0) + (4|X| +  4) log(t + 1), (5.14) 

and the test makes a decision according to the rule 

φ(T̂x, T̂z) =
{

0 if  Sτ (T̂x, T̂z) ≥ γ0,n(t) 
1 if  Sτ (T̂x, T̂z) ≤ −γ1,n(t), 

(5.15) 

where T̂x, T̂z are types of the test and training samples at the stopping time τ . As can be seen from the 
above expressions, the proposed classifier is the plugin SPRT, replacing P1 by the perturbed training 
type T̂ ′

z. 
The next theorem gives a lower bound on the achievable error exponent tradeoff of the proposed 

sequential classifier. 

THEOREM 5.1 For every P0, P1, there exists a training to observation ratio α∗
seq such that for any α ≥ α∗

seq, 
the sequential classifier Φseq = (φ(T̂x, T̂ ′

z), τ)  defined in (5.11), (5.15) achieves 

E0(Φ
seq)E1(Φ

seq) ≥ D(P0‖P1)D α 
1+α 

(P1‖P0). (5.16) 

Furthermore, the average stopping times of the classifier satisfy 

EP0 [τ ] = EP1 [τ ] = n(1 + o(1)). (5.17) 

Proof. The proof can be found in Appendix K. ◻ 

This theorem shows that similar to the hypothesis testing problem with known distributions, the 
proposed sequential classifier can achieve the Stein regime exponents simultaneously when only one of 
the distributions is known. 

EXAMPLE 5.2 In Fig. 5, we present a numerical example to illustrate the performance of the proposed 
sequential classifier in Φseq with γ0,n(t) = nD(P0‖T̂ ′

z), γ1,n(t) = nD(T̂z‖P0). Consider two binary 
distributions P0 = Bern(0.45), Bern(0.55) and set α = 10. Each point in the figures is obtained by 
estimating the average error probability as follows. For each length of the test sequence n, we estimate 
the type-I and type-II error probabilities of the sequential classifier in (5.12) by generating a sample
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UNIVERSAL NEYMAN–PEARSON CLASSIFICATION 15

FIG. 5. Type-I and type-II error exponents for the proposed sequential classifier. 

from the test source and α samples from P1 until the test stops and makes a decision. We have plotted 
the − 1 

n log εi for i ∈ {0, 1}. We can notice that the type-I error exponent converges to D α 
1+α 

(P1‖P0), 
while the type-II error exponent tends to D(P0‖P1) as Theorem 5.1 suggests. 

THEOREM 5.3 For every sequential classifier Φseq = (φseq(T̂x, T̂z), τ), such that EP0 [τ ] ≤ n, EP1 [τ ] ≤ n, 
we have 

max 
Φseq 

min 
P1∈P(X ) 

E0(Φ
seq)E1(Φ

seq) ≤ D(P0‖P1)D α 
1+α 

(P1‖P0). (5.18) 

This suggests that the proposed sequential classifier is universal in the sense that it achieves the 
highest error exponent tradeoff over all possible classifiers and distributions P1. 

Proof. The proof can be found in Appendix L. ◻
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16 P. BOROUMAND AND A. GUILLÉN I FÀBREGAS

6. Conclusions 

We have proposed and analyzed a new universal classifier where the null hypothesis is known and 
only training samples are available for the alternative hypothesis. The new classifier combines the log-
likelihood test as well as Hoeffding’s test, and not only attains the optimal error exponent tradeoff but also 
the optimal prefactor order provided that the training sequence is sufficiently long. We have proposed the 
sequential version of the classifier, which is attains the optimal error exponent tradeoff in the sequential 
setting. 
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A. Supporting results 

The proofs of the main results rely extensively on the method of types [12]. The type of an n-length 
sequence y is defined as T̂y(a) = N(a|y) 

n , where N(a|y) is the number of occurrences of symbol a ∈ X 
in sequence y. The set of all sequences of length n with type P, denoted by Tn 

P, is called the type class. 
The set of types with length n sequences on the simplex P(X ) is denoted as Pn(X ). It is well known 
that |Pn(X )| ≤  (n + 1)|X |−1 and that for a type P and probability distribution Q 

Q(T n 
P ) =

∑
x∈T n 

P 

Q(x) ≤ e−nD(P‖Q). (A.1)  

A refinement of the above is given by [ 12, Ch. 2] 

Q(T n 
Q ) = n

−|X |+1 
2 e−nD(P‖Q) (c + o(1)). (A.2)  

We use the shorthand notation an ≍ bn for any two positive real sequences such that log an 
bn 

= O(1). 
The following result is used to asymptotically convert the summations we obtain from the method of 
types into integrals, so we can then apply Laplace’s integration method. 

Theorem A.1 [8, Theorem 1] Suppose ψ : Rd → R is a Lipschitz continuous function and the open set 
D ⊆ Rd has minimally smooth boundary. Then,

∑
w∈D∩Pk(X ) 

e−kψ(w) ≍ kd
∫
D 

e−kψ(w) dw. (A.3)  

The precise definition of minimally smooth boundary can be found in [8]. In this paper, we only 
work with smooth boundaries which are also minimally smooth 

Next we introduce the following theorem which can be derived from [20]. The theorem uses 
Laplace’s integration method to expand the integral exponent around the dominating point and getting 
the prefactor by careful expansion of the terms. We use it to approximate the integral on the right hand 
side of (A.3). 

Theorem A.2 [20, Theorem 1.4] For a set Γ in Rd having smooth boundary with a unique dominating 
point ν where the large deviation rate function I(x) is minimized with I(ν) = a, let the level surface 
Sa = {x ∈ Rd : I(x) = a} be described locally by xd = f (x), where x = (x1, . . . , xd−1), and let the 
region Γ be bounded by the surface xd = g(x), where g(x) is a three times differentiable function of x 
in a neighbourhood of 0. If the Hessians of g and f at 0 satisfy Hg(0) >  Hs(0), then

∫
w∈Γ 

e−nD(w‖P0)dw = n− d+1 
2 e−na(d0 + o(1)). (A.4)  

B. Proof of Theorem 3.1 

First, we prove that for every realization of the training sequence T̂z, the type-I error exponent is equal to 
E0. Note that the solution to the optimization problem in (3.2) is a convex problem, and by the Karush– 
Kuhn–Tucker (KKT) conditions [5], the minimizer is unique and is the tilted distribution that interpolates
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UNIVERSAL NEYMAN–PEARSON CLASSIFICATION 19

between P0 and T̂z′, i.e. 

Qμ∗(x) = 
P 

μ∗ 
1+μ∗ 
0 (x)T̂z′ 

1 
1+μ∗ 

(x)

∑
a∈X P 

μ∗ 
1+μ∗ 
0 (a)T̂z′ 

1 
1+μ∗ 

(a) 
, (B.1)  

and μ∗ is the solution to 

D(Qμ∗‖P0) = E0. (B.2)  

Therefore, the classifier threshold in ( 3.2) can be written as 

γ (E0, T̂ ′
z) = βD(Qμ∗‖T̂ ′

z) − D(Qμ∗‖P0). (B.3)  

Now by Sanov’s theorem, we can find the type-I error exponent by solving ( 2.7) with P1 replaced by T̂z′ 
and γ replaced by (B.3). This optimization problem is convex in Q for every T̂z′ when β = 1, however 
for β <  1, this is not the case and the KKT conditions are only necessary conditions. Spelling out the 
Lagrangian, we obtain the KKT conditions 

L(Q, λ, ν) = D(Q‖P0) + λ
(
βD(Q‖T̂ ′

z) − D(Q‖P0) − γ (E0, T̂ ′
z)
) + ν 

⎛ 

⎝∑
x∈X 

Q(x) − 1 

⎞ 

⎠ (B.4) 

∂L(Q, λ, ν) 
∂Q(x) 

= 1 + log 
Q(x) 
P0(x) 

+ λ
(

β + β log 
Q(x) 
T̂ ′

z(x) 
− 1 − log 

Q(x) 
P0(x)

)
+ ν. (B.5)  

Setting the derivative to zero, we get 

Qβ,λ∗(x) = P 
1−λ∗ 

1−λ∗+λ∗β 
0 (x)T̂z′ 

λ∗β 
1−λ∗+λ∗β (x)∑

a∈X P 
1−λ∗ 

1−λ∗+λ∗β 
0 (a)T̂z′ 

λ∗β 
1−λ∗+λ∗β (a) 

, 0 ≤ λ∗, (B.6)  

and by complementary slackness condition [ 5] 

D(Qβ,λ∗‖P0) − βD(Qβ,λ∗‖T̂ ′
z) = D(Qμ∗‖P0) − βD(Qμ∗‖T̂ ′

z). (B.7)  

Note that, λ∗ cannot be zero as that sets Qβ,λ∗ = P0(x) which is invalid solution when E0 > 0. Observe 
that this equality is satisfied when 1−λ∗ 

1−λ∗+λ∗β = μ∗ 

1+μ∗ . This is the unique solution as 1−λ∗ 

1−λ∗+λ∗β is strictly 
decreasing function in λ∗, and hence, D(Qβ,λ∗‖P0) and D(Qβ,λ∗‖T̂z′) are strictly increasing and strictly 
decreasing in λ∗, respectively. Therefore, we get 

D(Qβ,λ∗‖P0) = E0. (B.8)  
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20 P. BOROUMAND AND A. GUILLÉN I FÀBREGAS 

Next, by rewriting the type-I error probability as a function of the types of the training and observation 
sequences T̂x, T̂z, we have  

ε0(φβ) =
∑

T̂z∈Pk(X ) 

P1(T̂z)
∑

T̂x∈Pn(X ), 
φβ(T̂x,T̂z)=1 

P0(T̂x), (B.9)  

that is the type-I error exponent is equal to E0 for every realization of training sequence T̂z. Since the 
hypothesis test is a type-based test, and using ( A.2), we obtain 

ε0(φβ) =
∑

T̂z∈Pk(X ) 

P1(T̂z)
∑

T̂x∈A1(T̂z,β) 

n 
−
∣∣X ∣∣+1 

2 e−nD(T̂x‖P0) (c + o(1)). (B.10) 

In order to find the polynomial decay of the error probability, we use the Theorems A.1 and A.2 [8, 20, 
29], to approximate the summation by an integral and then use Laplace’s integration method. 

For a fixed T̂z′, it can be shown that φ(Q) = D(Q‖P0)−βD(Q‖T̂z′) is a smooth function, and hence, 
we can conclude that the boundary of the decision region A0(T̂z, β) is smooth since the graph of a smooth 
function is a smooth manifold [23]. Furthermore, by the continuous differentiability of ψ(Q) = D(Q‖P0) 
in Q, the conditions of the Theorem A.1 are satisfied and we can approximate the summation in (B.10) 
by the integral

∑
w∈A1(T̂z,β)∩Pn(X ) 

e−nD(w‖P0) ≍ n
∣∣X ∣∣−1

∫
A1(T̂z,β) 

e−nD(w‖P0)dw. (B.11) 

Since the optimizing distribution solving Sanov’s Theorem is unique and equal to Qλ∗ , the dominating 
point is unique. Hence, we only need to prove that the Hessian of the decision region D minus the 
Hessian of the level surface SE0 = {Q ∈ P(X ) : D(Q‖P0) ≤ E0} is a positive definite matrix. Writing 

Qβ,λ∗(|X |) = 1 − ∑|X |−1 
x=1 Qβ,λ∗(x) and taking the derivatives, we have 

H(|X|−1)×(|X|−1) 
D

= −(1 − β)

(
diag

( 1 
Qβ,λ∗

)
+ 

11T 

Qβ,λ∗(|X|)
)

, (B.12) 

H 
(|X|−1)×(

∣∣X ∣∣−1) 
SE0 

= −diag

(
1 

Qβ,λ∗

)
− 

11T 

Qβ,λ∗(|X|) , (B.13) 

and hence 

HSE0 
− HD = βdiag

(
1 

Qβ,λ∗

)
+ β 

11T 

Qβ,λ∗(|X |) , (B.14)
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UNIVERSAL NEYMAN–PEARSON CLASSIFICATION 21 

which is positive for any β >  0. Therefore, by (B.10), (B.11), (A.4), we have 

ε0(φβ) =
∑
T̂z 

P1(T̂z)n 
−
∣∣X ∣∣+1 

2 n
∣∣X ∣∣−1 n−

∣∣X ∣∣
2 e−nE0(c + o(1)) (B.15) 

=
∑
T̂z 

P1(T̂z) 
1√
n 

e−nE0(c + o(1)). (B.16) 

Finally, since c is finite, positive and only depends on P0, P1, E0, there exists a c̃ such that 

ε0(φβ) = 
1√
n 

e−nE0
(
c̃ + o(1)

)
, (B.17) 

which completes the first statement. 
Having established the improvement of the prefactor of the type-I error probability, we are ready to 

study the type-II error exponent of our proposed classifier. Using standard properties of the method of 
types [12], the type-II probability of error can be written as 

ε1(φβ) =
∑

x,z:φβ(T̂x,T̂z) = 0 

P1(z)P1(x) (B.18) 

=
∑

Q∈Pn

(
X

)
,Q1∈Pk

(
X

)
, 

φβ(Q,Q1) = 0 

P1

(
T n 

Q

)
P1

(
T k 

Q1

)
(B.19) 

≤
∑

Q∈Pn

(
X

)
,Q1∈Pk

(
X

)
, 

φβ(Q,Q1) = 0 

e−nD(Q‖P1)−kD(Q1‖P1) (B.20) 

≤ (n + 1)

∣∣X ∣∣
(k + 1)

∣∣X ∣∣
2−nẼ(n) 

1 (φβ), (B.21) 

where 

Ẽ(n) 
1 (φβ) = min 

φβ(Q,Q1) = 0 
Q,Q1∈P(X ) 

D(Q‖P1) + αD(Q1‖P1). (B.22) 

It is worth observing that this optimization problem is non-convex. In addition, lower bounding ( B.19) 
yields 

ε1(φβ) ≥ (n + 1)−|X|(k + 1)−|X|e−nẼ(n) 
1 (φβ). (B.23)
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22 P. BOROUMAND AND A. GUILLÉN I FÀBREGAS 

Observe that the proposed test φβ depends on n; hence, if the limit of (B.22) as  n tends to infinity exists, 
then the limit is the type-II error exponent. Using a change of variable, we can write (B.22) as  

Ẽ(n) 
1 (φβ) = min 

Q,Q1 
D(Q‖P1) + αD

(
1 

1 − δn 
Q1 − 

δn 
1 − δn 

U
∥∥∥P1

)

s.t. βD(Q‖Q1) − D(Q‖P0) ≥ γ (E0, Q1) 

Q ∈ P(X ) 

Q1 ∈
(
1 − δn

)
P(X ) + δnU, 

(B.24) 

where U is the equiprobable distribution on P(X ). Now, by using a Taylor expansion of D
( 1 

1−δn 
Q1 − 

δn 
1−δn 

U‖P1

)
around δn = 0, we get 

Ẽ(n) 
1 (φβ) = min 

Q,Q1 
D(Q‖P1) + αD(Q1‖P1) + O 

⎛ 

⎝∑
x∈X 

log 
Q1(x) 
P1(x) 

δn 
1 − δn 

⎞ 

⎠ 

s.t. βD(Q‖Q1) − D(Q‖P0) ≥ γ (E0, Q1) 

Q ∈ P(X ) 

Q1 ∈ (1 − δn)P(X ) + δnU. 

(B.25) 

Note that Q1(x) ≤ 1 as  Q1(x) is a probability distribution, and P1(x) >  0 for all x ∈ X by assumption. 
Hence, the remainder term can be dropped. Therefore, we can approximate the type-II error exponent 
by 

E(n) 
1 (φβ) = min 

βD(Q‖Q1)−D(Q‖P0)≥γ (E0,Q1) 
Q∈P

(
X

)
,Q1∈Pδn

(
X

) D(Q‖P1) + αD(Q1‖P1), (B.26) 

where 

Pδn (X ) = {
Q : Q = (1 − δn)P + δnU, P ∈ P(X )

}
, (B.27) 

and the approximation error is of order O
(

δn 
1−δn

)
. Letting δn = o

(
n−1

)
, we have  

ε1(φβ) = e−nE(n) 
1 (φβ)+o(1) ≍ e−nE(n) 

1 (φβ). (B.28) 

Hence, the type-II error exponent can be calculated as the limit of ( B.26) when n tends to infinity. We 
also define the following optimization problems. For every Q1 ∈ Pδn (X ), let  

E1(E0, Q1) = min 
βD(Q‖Q1)−D(Q‖P0)≥γ (E0,Q1) 

Q∈P
(
X

)
, 

D(Q‖P1), (B.29)
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UNIVERSAL NEYMAN–PEARSON CLASSIFICATION 23 

which is the error exponent when the type of the training sequence is Q1. Also, let 

E(n) 
1 (E0, r) = min 

D(Q1‖P1)≤r 
Q1∈Pδn (X ) 

E1(E0, Q1). (B.30) 

The latter optimization problem is the worst case achievable error exponent by φβ if we know the training 
sequence type Q1 is inside a relative entropy ball around the original distribution P1 of radius r [ 3]. Using 
(B.29), (B.30), we can write (B.26) as  

E(n) 
1 (φβ) = min 

βD(Q‖Q1)−D(Q‖P0)≥γ (E0,Q1), 
D(Q1‖P1)=r , r≥0, 

Q∈P(X ) , Q1∈Pδn (X ) 

D(Q‖P1) + αr (B.31) 

= min 
D(Q1‖P1)=r , r≥0, 

Q1∈Pδn (X ) 

E1(E0, Q1) + αr (B.32) 

= min 
D(Q1‖P1)≤r , r≥0 

Q1∈Pδn (X ) 

E1(E0, Q1) + αr (B.33) 

= min 
r≥0 

E(n) 
1 (E0, r) + αr, (B.34) 

where in ( B.33) we used the KKT conditions to show that the minimizer Q∗
1 of (B.33) should satisfy the 

inequality condition D(Q1‖P1) ≤ r with equality, i.e. D(Q∗
1‖P1) = r. We will use (B.34) to analyze the 

behaviour of the non-convex problem in (B.22). We also define rc as 

rc = min 
Q1∈P(X ) 

min
i∈X Q1(i)=0 

D(Q1‖P1), (B.35) 

that is the minimum distance between P1 and distributions on the boundary of the probability simplex 
P(X ). Since P1(i) is non-zero for every i, therefore rc > 0, and we can lower bound E(n) 

1 (φβ) by 

E(n) 
1 (φβ) ≥ min

{
min 

0≤r≤rc−ε 
E(n) 

1 (E0, r) + αr, α(rc − ε)
}

, (B.36) 

where 0 < ε  <  rc, and we used the fact that E(n) 
1 (E0, r) ≥ 0 for  r ≥ 0 by the non-negativity of the 

relative entropy. For r ∈ [0, rc − ε], we also define E1(E0, r) as 

E1(E0, r) = lim
n→∞ E(n) 

1 (E0, r) (B.37) 

= lim
n→∞ 

min 
D(Q1‖P1)≤r 
Q1∈Pn(X ) 

E1(E0, Q1) (B.38) 

= min 
D(Q1‖P1)≤r 
Q1∈P(X ) 

E1(E0, Q1). (B.39) 
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24 P. BOROUMAND AND A. GUILLÉN I FÀBREGAS 

Observe that the above limit exists. This is because for r ∈ [0, rc − ε], Q1 cannot lie on the boundaries 
of probability simplex, Q1(x) >  0 ∀x ∈ X , and the function E(n) 

1 (E0, r) is continuous. Indeed, for 
r ∈ [0, rc − ε], the condition Q1 ∈ Pδn (X ) in the definition of E(n) 

1 (E0, r) is inactive. Next, we use the 
following lemma to find a lower bound on type-II error exponent. 

LEMMA B.1 For every n ∈ Z+, the exponent functions E(n) 
1 (E0, r), and E1(E0, r) are continuous in 

r ∈ [0, rc). 
The proof of Lemma B.1 relies on Berge’s maximum theorem [1] and can be found in Appendix E. 

Taking the limit of E(n) 
1 (φβ) when n tends to infinity, we have 

E1(φβ) = lim inf
n→∞ 

E(n) 
1 (φβ) 

≥ lim inf
n→∞ 

min
{

min 
0≤r≤rc−ε 

E(n) 
1 (E0, r) + αr, α(rc − ε)

}
(B.40) 

= min
{

min 
0≤r≤rc−ε 

E1(E0, r) + αr, α(rc − ε)
}

. (B.41) 

In order to show ( B.41), by Lemma B.1, E(n) 
1 (E0, r) and E1(E0, r) are continuous on the compact interval 

[0, rc − ε]. Also, since E(n) 
1 (E0, r) ≥ E(n+1) 

1 (E0, r) for every r in the domain, by Dini’s theorem, the 
convergence of E(n) 

1 (E0, r) is uniform [34]. Finally, since the convergence is uniform, we can interchange 
the minimum and limit to get (B.41). 

When r = 0, we have Q1 = P1 and γ (E0, P1) = βE∗
1(E0) − E0, resulting E1(E0, r = 0) = E∗

1(E0), 
where E∗

1(E0) is the optimal error exponent tradeoff in (2.6). Moreover, for r1 ≤ r2, we have  B(P1, r1) ⊆ 
B(P1, r2), where B(P, r) = {Q ∈ P(X ) : D(Q‖P) ≤ r}. Hence, E1(E0, r) is a non-increasing function 
of r. Therefore, a sufficient condition to have E1(φβ) = E∗

1(E0) is 

min
{

min 
0≤r≤rc−ε 

E1(E0, r) + αr, α(rc − ε)
}

= E1(E0, r = 0). (B.42) 

Equivalently, letting ε tend to zero, ( B.42) can be written as the following two sufficient conditions: 

E1(E0, r) + αr ≥ E1(E0, r = 0) ∀r : 0  ≤ r < rc, (B.43) 

α >  
E1(E0, r = 0) 

rc 
. (B.44) 

Hence, letting 

α∗
β = max

{
sup 

0≤r<rc 

E1(E0, r = 0) − E1(E0, r) 
r 

, 
E∗

1(E0) 
rc

}
(B.45) 

for any α >  α∗
β , we have  E1(φβ) = E∗

1(E0). Finally, since E1(E0, r) is non-increasing and continuous 
on r ∈ [0, rc), and − ∂E1(E0,r) 

∂r

∣∣
r=0 < ∞ as it will be proved in Theorem 3.3, the supremum in (B.45) is
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UNIVERSAL NEYMAN–PEARSON CLASSIFICATION 25

finite and 

0 < α∗
β < ∞. (B.46) 

Next, by using the refinements of large deviation techniques, we show that the proposed classifier 
achieves the same prefactor as the type-II error probability of the likelihood ratio test, establishing the 
optimality of the proposed classifier up to a constant. Using the method of types, the type-II probability 
of error can be written as 

ε1(φβ) =
∑

x,z:φβ(T̂x,T̂z)=0 

P1(z)P1(x) (B.47) 

=
∑

Q1∈Pk(X )∩Pδn (X ) 

P1(T k 
Q1 

)
∑

Q∈Pn(X ), 
φβ(Q,Q1)=0 

P1(T n 
Q ) (B.48) 

≍
∑

Q1∈Pk(X )∩Pδn (X ) 

ck 
−|X

∣∣+1 
2 e−kD(Q1‖P1)

∑
Q∈Pn(X ), 
φβ(Q,Q1)=0 

P1(T n 
Q ), (B.49) 

where in the last step we used that [ 12] 

P1(T k 
Q1 

) ≍ k 
−
∣∣X ∣∣+1 

2 e−kD(Q1‖P1). (B.50) 

We need to show that conditioned on the training sequence having a type Q1, the conditional type-II 
error probability is

∑
Q:φβ(Q,Q1)=0 

P1(T n 
Q ) = 

1√
n 

e−nE1(E0,Q1)
(
c + o(1)

)
, (B.51) 

when E1(E0, Q1) is positive, i.e. the error decay has a prefactor of 1√
n . We first show that for any classifier 

with 0 ≤ β ≤ 1, we can upper bound the type-II error probability by the classifier type-II error probability 
with β = 1. 

LEMMA B.2 For every fixed Q1 and for every β1 ≤ β2, we have  A0(Q1, β1) ⊆ A0(Q1, β2). 

Proof. Let Q ∈ A0(Q1, β1), we need to show that for every such Q, we have  Q ∈ A0(Q1, β2). We have  
that 

D(Q‖P0) − β1D(Q‖Q1) ≤ D(Qμ∗‖P0) − β1D(Qμ∗‖Q1), (B.52) 

where Qμ∗ is the solution to optimization in γ (E0, Q1) in ( B.1) and is independent of β. Furthermore, 

D(Q‖P0) − β2D(Q‖Q1) ≤ D(Qμ∗‖P0) − β2D(Qμ∗‖Q1) + (β2 − β1)
(

D(Qμ∗‖Q1) − D(Q‖Q1)
)

. 
(B.53) 
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26 P. BOROUMAND AND A. GUILLÉN I FÀBREGAS 

Using the KKT conditions, it can be shown that the projection of Q1 on the set A(Q1, β) also equals to 
Qμ∗ , i.e. 

Qμ∗ = arg min 
D(Q‖P0)−β1D(Q‖Q1)≤γ (E0,Q1) 

D(Q‖Q1). (B.54) 

Hence, for every Q ∈ A0(Q1, β1), we have  

D(Qμ∗‖Q1) ≤ D(Q‖Q1), (B.55) 

and by ( B.53) 

D(Q‖P0) − β2D(Q‖Q1) ≤ D(Qμ∗‖P0) − β2D(Qμ∗‖Q1), (B.56) 

i.e. Q ∈ A0(Q1, β2) which concludes the proof. ◻ 

Therefore, we can upper bound the error probability by setting β = 1. Since for every fixed Q1, the  
test is the Neyman–Pearson test using the mismatched distribution Q1, the decision region boundary is 
characterised by a hyperplane and by [8] the conditional type-II error probability prefactor equals to 1√

n 
for every Q1. Hence, substituting (B.51) into (B.49), we have 

ε1(φβ) ≤
∑

Q1∈Pk(X )∩Pδn (X ) 

k 
−
∣∣X ∣∣+1 

2 √
n 

e−kD(Q1‖P1)e−nE1(E0,Q1)
(
c + o(1)

)
. (B.57) 

Observe that by choosing some small enough δn > 0, and constraining T̂z ∈ Pδn (X ), the approximation 
error caused by replacing T̂z′ by T̂z can be absorbed in the c + o(1) term in ( B.57), and we get 

ε1(φβ) ≍ n−
∣∣X ∣∣

2
∑

Q1∈Pk(X ) 

e−kψ(Q1), (B.58) 

ψ(Q1) = 
1 
α 

E1(E0, Q1) + D(Q1‖P1), (B.59) 

where we used the fact that α = k 
n is fixed and independent of n, k. 

Next, we approximate the summation by an integral using Theorem A.1. As shown earlier in the 
proof, 

P1 = arg min 
Q1:D(Q1‖P1)<rc 

ψ(Q1), (B.60) 

for α∗
β < α. We show that the terms in the summation ( B.58) where Q1 is in the vicinity of the P1 

dominate the summation. Let D = P(X ) and D′ =  B(P1, ε), where ε = s log k 
k , s > 0. We can split
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UNIVERSAL NEYMAN–PEARSON CLASSIFICATION 27

the summation (B.58) as

∑
Q1∈D∩Pk(X ) 

e−kψ(Q1) =
∑

Q1∈D′∩Pk(X ) 

e−kψ(Q1) +
∑

Q1∈(D′
)c∩Pk(X ) 

e−kψ(Q1). (B.61) 

By Theorem 3.3, ψ(Q1) achieves its minimum at Q1 = P1 for α >  α∗
β , i.e. ψ(Q1) > ψ(P1) for Q1 ⁄= P1. 

Hence, by the mean value theorem and using a Taylor series expansion of ψ(Q) around Q1 = P1 for 
Q1 ∈ (D′)c, we get 

ψ(Q1) = ψ(P1) + 
1 
2 
θT 

P1 H̃(Q1)θP1 , (B.62) 

where θP1 is the difference vector Q1 − P1 defined in ( C.15), and H̃(Q1) is a positive definite matrix 
for every Q1 ∈ (D′)c. Also, we have used the result from Theorem 3.3 that the first-order term of the 
expansion is zero. Furthermore, note that by the condition Q1 ∈ (D′)c, we have ‖θP1

‖2∞ = Ω(ε). Hence, 
for large enough n, we have

∑
Q1∈(D′

)c∩Pk(X ) 

e−kψ(Q1) ≤ (k + 1)

∣∣X ∣∣
e
−k

(
1 
α

E1(E0,P1)+ 1 
2 Λ s log k 

k

)
, (B.63) 

where Λ = minQ1∈(D′)c Λmin

(
H̃(Q1)

)
, and Λmin(.) is the smallest eigenvalue of a matrix. Note that 

Λ is strictly positive since ψ(Q1) > ψ(P1) for Q1 ⁄= P1. Finally, by setting s ≥ 2 
Λ (

∣∣X ∣∣+ 3 
2 ), we have

∑
Q1∈(D′

)c∩Pk(X ) 

e−kψ(Q1) ≤ n− 1 
2 e−nE1(E0,P1)O

(
n−1). (B.64) 

It remains to bound the first term in (B.61). By the envelope theorem [27] as shown in Lemma C.2, 
we can conclude that ψ : R

∣∣X ∣∣−1 → R is continuously differentiable and hence Lipschitz on D′. 
Furthermore, D′ is a C∞ manifold, and hence, D′ has a minimally smooth boundary. Therefore, by 
Theorem A.1, we have  

ε1(φβ) ≍ n

∣∣X ∣∣−2 
2

∫
D′ e

−kψ(w) dw. (B.65) 

By using a Taylor series expansion of ψ(w) around w = P1, and Lemma C.2, we have  

ε1(φβ) ≍ n

∣∣X ∣∣−2 
2

∫
D′ e

−n
(

E1(E0,P1)+ 1 
2 ⟨(w−P1),(H2+αJ)(w−P1)⟩+O

(
ε 

3 
2
))

d(w − P1). (B.66) 

Note that w is bounded to the
∣∣X ∣∣ − 1 dimensional probability simplex as w ∈ D′. Hence, for every 

w−P1, there exists a
∣∣X ∣∣×∣∣X ∣∣ rotation matrix R such that for every w ∈ P(X ), we have  eT∣∣X ∣∣R(w− 
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28 P. BOROUMAND AND A. GUILLÉN I FÀBREGAS

P1) = 0, where e∣∣X ∣∣ is the unit vector with 1 in the
∣∣X ∣∣’th coordinate and 0 otherwise. Letting w′ =  

R(w − P1), we have  

ε1(φβ) ≍ n

∣∣X ∣∣−2 
2

∫
D′∩R

∣∣X ∣∣−1 
e−n

(
E1(E0,P1)+ 1 

2

〈
RT w′,(H2+αJ)RT w′〉+O

(
ε 

3 
2
))

dRTw′, (B.67) 

where we have used  RRT = I. Furthermore, from the proof of Theorem 3.3, H2 + αJ is strictly 
positive definite and hence full rank for α∗

β < α. Using a change of variables y = 
√

nw′, we have  

dy = n−
∣∣X ∣∣−1 

2 dw′, and 

ε1(φβ) ≍ n− 1 
2 e−nE1(E0,P1)

∫
D′ e

− 1 
2

〈
RT y,(H2+αJ)RT y

〉
+O

(√
log3 n 

n

)
dy, (B.68) 

where the integral is a Gaussian integral and equals to c′ +  o(1) for a constant c′ and this concludes the 
proof. 

C. Proof of Thereom 3.3 

From (B.45), we have 

αβ ≜ −∂E1(E0, r) 
∂r

∣∣∣∣
r=0 

≤ α∗
β . (C.1)  

To find the derivative of E1(E0, r) at r = 0, we use a Taylor series expansion of E1(E0, Q1) around 
Q1 = P1. We use the following lemmas in our proof. First lemma provides the first and second derivative 
of γ (E0, Q1). 

LEMMA C.1 For every P0, P1 ∈ P(X ), the gradient of threshold function γ (E0, Q1) is 

∂γ (E0, Q1) 
∂Q1(i) 

= −β 
Qμ∗(i) 
Q1(i) 

. (C.2)  

Furthermore, the Hessian matrix of γ (E0, Q1) evaluated at Q1 = P1 is 

H1 = H(Q1)

∣∣∣
Q1=P1 

, (C.3)  

H(Q1) = ∇2 
Q1 γ (E0, Q)

∣∣∣
Q1=P1 

(C.4) 

= βJ
(

μ∗ 

1 + μ∗ T + 1 
(1 + μ∗) 

(Q + W)

)
J, (C.5)  
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UNIVERSAL NEYMAN–PEARSON CLASSIFICATION 29 

where W = wwT , Q = qqT and 

wT = 1√
VarQμ∗

(
log Qμ∗ 

P0

)
(

Qμ∗(1)log
(Qμ∗(1) 

P0(1)

)
− E0, . . . , Qμ∗(

∣∣X ∣∣)log
(Qμ∗(

∣∣X ∣∣) 
P0(

∣∣X ∣∣)
)

− E0

)
, 

(C.6) 

q =
(

Qμ∗(1), . . .  , Qμ∗(
∣∣X ∣∣)), (C.7)  

T = diag
(

Qμ∗
)

, J = diag

(
1 

Q1

)
(C.8) 

and Qμ∗ , μ∗ are defined as in ( B.1) and (B.2). 

Proof. The proof can be found in Appendix F. ◻ 

Next using the derivatives of γ (E0, Q1) and (B.29), we can find the derivatives of the exponent 
function E1(E0, Q1). 

LEMMA C.2 For every P0, P1 ∈ P(X ), the gradient of the exponent function E1(E0, Q1) evaluated 
at Q1 = P1 is 

∂E1(E0, Q1) 
∂Q1(i)

∣∣∣∣
Q1=P1 

= 0. (C.9) 

Furthermore, the Hessian matrix evaluated at Q1 = P1 is 

H2 ≜ ∇2 
Q1 E1(E0, Q1)

∣∣∣
Q1=P1 

(C.10) 

= βη∗
βJ
[
Q + η∗

1V + (1 − η∗
1)W − T

]
J, (C.11) 

where η∗
β and η∗

1 are the optimal Lagrange multipliers in ( 3.15) when 0 < β  ≤ 1 and β = 1, respectively, 
and V = vvT 

v = 1√
VarQη∗

β 
(Ω)

(
Qη∗

β 
(1)

(
Ω(1) − (E0 − βE1)

)
, . . . , Qη∗

β 
(
∣∣X ∣∣)(Ω(

∣∣X ∣∣) − (E0 − βE1)
))

, (C.12) 

Ω(i) = β log 
P1(i) 
P0(i) 

+ (1 − β) log 
Qη∗

β 
(i) 

P0(i) 
, i ∈ X. (C.13) 

Proof. The proof can be found in Appendix G. ◻ 

Lemma C.2 shows that the gradient of E1(E0, Q1) respect to Q1 is zero at Q1 = P1 which is due to the 
choice of the threshold function γ (E0, Q1). In the case of the plugin classifier with the fixed threshold, 
the gradient is non-zero which results in ∂E1(E0,r) 

∂r

∣∣∣
r=0 

= ∞. Next, by using a Taylor series expansion of 
E1(E0, Q1) and the relative entropy in (B.39), we can get the following lemma.
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30 P. BOROUMAND AND A. GUILLÉN I FÀBREGAS

LEMMA C.3 For any P0, P1 ∈ P(X ), the approximation 

E1(E0, r) = E∗
1(E0) + min

1 
2 θT 

P1 
JθP1≤r 

1TθP1=0 

1 
2 
θT 

P1 H2θP1 + o(r), (C.14) 

where 

θP1 =
(

Q1(1) − P1(1), . . .  , Q1(
∣∣X ∣∣) − P1(

∣∣X ∣∣))T 
(C.15) 

holds. 

Proof. The proof can be found in Appendix H. ◻ 

We can further simplify the convex optimization problem in (C.14), using the following lemma. 
LEMMA C.4 For J, H2 defined in (3.9), (C.10), we have 

min
1 
2 θT 

P1 
JθP1≤r 

1TθP1=0 

1 
2 
θT 

P1 H2θP1 = min
1 
2 ψT 

P1 
ψP1

≤r 

1 
2 
ψT 

P1 HψP1 , (C.16) 

where 

H = βη∗
β 
√

J
[
Q + η∗

1V + (1 − η∗
1)W − T

]√
J. (C.17) 

Proof. The proof can be found in Appendix I. ◻ 

Finally, by Lemmas C.3 and C.4, we only need to solve the optimization in (C.16). Assuming H has 
negative eigenvalues which is the case for

∣∣X ∣∣ ≥ 4 by Weyl’s inequality [19], it can be shown that at the 
optimal solution ψ∗

P1 
, the inequality constraint of optimization problem (C.16) is satisfied with equality, 

hence 

min
1 
2 ψT 

P1 
ψP1

≤r 

1 
2 
ψT 

P1 HψP1 = r min
1 
2 ψT 

P1 
ψP1

≤r 

1 
2 

ψT 
P1 

HψP1 

ψT 
P1 

ψP1 

(C.18) 

= Λmin(H)r, (C.19) 

where Λmin(H) is the smallest eigenvalue of H. Taking the derivative of ( C.14) and setting r = 0, we 
obtain 

αβ = −Λmin(H). (C.20) 

Further upper bounding Λmin(H) and further using Weyl’s inequality [ 19], we get 

−Λmin(H) ≥ βη∗
β

[Qη∗
β 

P1

]
(3) 

, (C.21)
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UNIVERSAL NEYMAN–PEARSON CLASSIFICATION 31 

where we have used the fact that Q + η∗
1V + (1 − η∗

1)W can only have three non-zero eigenvalues as 
Q, V, W are rank one matrices. 

D. Proof of Theorem 3.5 

By Lemma B.2, we can see that for every β1 ≤ β2, we have  A0(Q1, β1) ⊆ A0(Q1, β2), and hence, 
E1(E0, Q1) is non-increasing in β. Therefore, in order to find an upper bound for α∗

β , we can find an 
upper bound to α∗ = α∗

β=1, which would be an upper bound to any test with β <  1. Hence, we set 
β = 1 in the rest of the proof. 

In order to upper bound α∗ in (B.45), we first find a lower bound to E1(E0, r). Rewriting E1(E0, Q1) 
in its dual form, we have [3] 

E1(E0, Q1) = max 
ν≥0 

−νγ (E0, Q1) − log
∑

a∈X 
Pν 

0(a)P1(a)Q−ν 
1 (a). (D.1)  

Setting ν = λ∗, where λ∗ is the optimal Lagrange multiplier in ( 2.11) when P1 is known in the test. We 
get 

E1(E0, Q1) ≥ −λ∗γ (E0, Q1) − log
∑

a∈X 
Pλ∗ 

0 (a)P1(a)Q−λ∗ 

1 (a). (D.2)  

By the Taylor remainder theorem, for every Q1 ∈ B(P1, r) where r < rc, we have  

E1(E0, Q1) ≥ E1(E0, P1) + 
1 
2 
θT 

P1 Σ(Q̃1)θP1 , (D.3)  

where 

Σ(Q1) = −λ∗H(Q1) − λ∗(1 + λ∗)diag
( Q̂λ∗ 

Q2 
1

)
+ (λ∗)2uTu, (D.4)  

H(Q1) = ∇2 
Q1 γ (E0, Q), (D.5)  

u =
(

Q̂λ∗(1) 
Q1(1) 

, . . .  , 
Q̂λ∗(k) 
Q1(k)

)T 
, (D.6)  

Q̂λ∗(x) = 
Pλ∗ 

0 (x)P1(x)Q
−λ∗ 

1 (x)∑
a∈X P

λ∗ 
0 (a)P1(a)Q−λ∗ 

1 (a) 
, (D.7)  

evaluated at some Q̃1 ∈ B(P1, r), and θP1 is difference vector Q1 − P1 defined in ( C.15). H(Q1) is the 
Hessian matrix of the threshold function in (C.5). We have used the fact that the gradient of RHS of (D.2) 
evaluated at Q1 = P1 is equal to zero, hence we only need to control the second-order term. Letting 

Λ(Σ , r) = min
Q̃1∈B(P1,r) 

Λmin

(
Σ(Q̃1)

)
, (D.8)

D
ow

nloaded from
 https://academ

ic.oup.com
/im

aiai/article/13/2/iaae010/7664051 by H
utchison/M

R
C

 R
esearch C

entre user on 20 June 2024



32 P. BOROUMAND AND A. GUILLÉN I FÀBREGAS 

where Λmin

(
Σ(Q̃1)

)
is the smallest eigenvalue of Σ( ̃Q1). We can further lower bound E1(E0, Q1) by 

E1(E0, Q1) ≥ E1(E0, P1) + 
Λ(Σ , r) 

2 
θT 

P1 θP1 . (D.9)  

Substituting ( D.9) in (B.39), we get 

E1(E0, r) ≥ min 
D(Q1‖P1)≤r 
Q1∈P(X ) 

E1(E0, P1) + 
Λ(Σ , r) 

2 
θT 

P1 θP1 . (D.10) 

Similarly to E1(E0, Q1), by using a Taylor series expansion of D(Q1‖P1) around Q1 = P1 and using the 
remainder theorem, for every Q1 ∈ B(P1, r), we have  

D(Q1‖P1) ≥ 
Λ(J, r) 

2 
θT 

P1 θP1 , (D.11) 

J(Q̃1) = diag

(
1 

Q̃1(1) 
, . . . , 

1 
Q̃1(

∣∣X ∣∣)
)

. (D.12) 

Therefore, by ( D.10) and (D.11), we get 

E1(E0, r) ≥ E1(E0, P1) + 
Λ(Σ , r) 
Λ(J, r) 

r. (D.13) 

By Weyl’s inequality [ 19], we have 

Λ(Σ , r) ≥ min
Q̃1∈B(P1,r) 

−λ∗
(

μ∗ 

1 + μ∗

[
Qμ∗ 

Q̃2 
1

]
(1) 

+ 
1 

(1 + μ∗)
(‖wQ̃1

‖2 
2 + ‖qQ̃1

‖2 
2

)) − λ∗(1 + λ∗)
[

Qλ∗ 

Q̃2 
1

]
(1) 

(D.14) 

≥ − λ∗(4 + λ∗)
(

1 
Qmin 

1 (r)

)2 
, (D.15) 

where 

Qmin 
1 (r) = min

Q̃1∈B(P1,r) 
a∈X 

Q̃1(a), (D.16) 

and we used Qλ∗(a), Qμ∗(a) ≤ 1 for all a ∈ X and μ∗ ≥ 0. Finally, by Λ(J, r) ≥ 1, we get 

E1(E0, r) ≥ E1(E0, P1) − λ∗(4 + λ∗)
(

1 
Qmin 

1 (r)

)2 
r. (D.17) 
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UNIVERSAL NEYMAN–PEARSON CLASSIFICATION 33 

By Pinsker’s inequality [11], we have ‖θP1
‖1 ≤

√
2r, hence Qmin 

1 ≥ Pmin 
1 − 

√
2r 
2 , and 

E1(E0, r) ≥ E1(E0, P1) − λ∗(4 + λ∗)
( √

r 
Pmin 

1 − √
r

)2 
. (D.18) 

Since E1(E0, r) ≥ 0 for all r ≥ 0, we can improve the lower bound to 

E1(E0, r) ≥
{

E1(E0, P1) − λ∗(4 + λ∗)
( √

r 
Pmin 

1 − √
r

)2}
1{r ≤ r̄}, (D.19) 

where 

r̄ =
(

κPmin 
1 

1 + κ

)2 
. (D.20) 

Next by ( B.45) and (D.19), we have 

α∗
β ≤ max

{
max 

0≤r≤rc 
λ∗(4 + λ∗)

(
1{r ≤ r̄} 

Pmin 
1 − √

r

)2 
, 

E1(E0, P1) 
rc

}
(D.21) 

= 
λ∗(4 + λ∗) 

(Pmin 
1 − √

r̄)2 
(D.22) 

= 
λ∗(4 + λ∗)(1 + κ) 

(Pmin 
1 )2 , (D.23) 

where we have dropped the second term in the maximization as it is derived by letting E1(E0, r) to be a 
straight line from E1(E0, r = 0) at r = 0 to 0 at  r = rc and the first term in the maximization is derived 
by the lower bound to E1(E0, r), and r̄ < rc, hence the first term dominates. This concludes the proof. 

E. Proof of Lemma B.1 

We need to prove the the continuity of E1(E0, r) on r ∈ [0, rc). To prove this, we will use the Berge’s 
Maximum Theorem stated below [1]. 

PROPOSITION E.1 Berge’s Maximum TheoremLet X ⊆ Rn and Θ ⊆ Rm. Let  F : X × Θ → R be a 
continuous function, and let G : Θ → X be a compact valued and continuous correspondence. Then, the 
maximum value function 

V(Θ) = max 
X∈G(Θ) 

F(X, Θ) (E.1) 

is well-defined and continuous, and the optimal policy correspondence 

X∗(Θ) = {X ∈ G(Θ)
∣∣F(X, Θ) = V(Θ)} (E.2) 

is non-empty, compact valued and upper hemicontinuous. 
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34 P. BOROUMAND AND A. GUILLÉN I FÀBREGAS

We first prove that correspondence G1(Q1) = {Q ∈ P(X ) : D(Q‖P0) − D(Q‖Q1) ≥ γ (E0, Q1)} 
is a continuous correspondence for Q1 ∈ Pδ(X ). Then, by Berge’s theorem, E1(E0, Q1) is continuous 
on Q1 over Pδ(X ). Next, by showing the continuity of the correspondence G2(r) = {Q1 ∈ Pδ(X ) : 
D(Q1‖P1) ≤ r}, we conclude the continuity of E1(E0, r) in r by Berge’s maximum theorem. Therefore, 
we only need to prove that G1, G2 are compact and continuous correspondences. Note that Q and Q1 

are subsets of R
∣∣X ∣∣

and also G1(Q1), G2(Q) are both closed and bounded, hence by the Heine–Borel 
theorem [34], both G1, G2 are compact. To prove the continuity of a correspondence, we need to prove 
the upper and lower hemicontinuity of the correspondence. 

DEFINITION E.2 The compact valued correspondence G is upper hemicontinuous at θ ∈ Θ if G(θ) is 
non-empty and if, for every sequence {θ(j)} with θ(j) → θ and every sequence {X(j)} with X(j) ∈ G(θ(j) ) 
for all j, there exists a convergent subsequence {X(jk)} such that X(jk) → X ∈ G(θ). 

To prove upper hemicontinuity of G1(Q1), fix  Q1 ∈ Pδ(X ) and assume for every 1 ≤ j, Q(j) 
1 ∈ 

Pδ(X ) be a sequence converging to Q1. Moreover, assume for every j, there exists a Q(j) such that 
Q(j) ∈ G1(Q

(j) 
1 ) for all j. By the definition of convergence in metric spaces, since Q(j) 

1 → Q1, then there 

exists a closed bounded set Q2 ⊆ Pδ , such that for all large enough j, we have  Q(j) 
1 ∈ Q2 ⊂ R

∣∣Xc
∣∣−1 . 

Furthermore, since for every Q(j) 
1 , G1(Q

(j) 
1 ) is an intersection of a half space created by the classifier and 

the probability simplex, Q(j) ∈ G1(Q1) will lie in a closed and bounded subset of R
∣∣X ∣∣−1 . Therefore, 

for large enough j, the tuple (Q(j), Q(j) 
1 ) also lies in a closed and bounded subset of R2

∣∣X ∣∣−2 . Finally, 

by the Bolzano–Weierstrass theorem [34], each bounded sequence in the Euclidean space R2
∣∣X ∣∣−2 has 

a convergent subsequence (Q(jk), Q(jk) 
1 ) with the limit point (Q, Q1). Finally, since each element of this 

convergent subsequence satisfies the constraint in G1(Q1), then by showing the continuity of γ (E0, Q1) in 
Q1, we can conclude that the limit point will also satisfy Q ∈ G1(Q1) and gives the upper hemicontinuity. 
To prove the continuity of γ (E0, Q1), observe that D(P‖Q) is continuous in the pair for any P ∈ P(X ) 
and Q ∈ Pδ(X ) where δ >  0. Hence, by the Berge’s theorem, γ (E0, Q1) is continuous in Q1 ∈ Pδ(X ), 
and the optimizer Qμ(Q1) is upper hemicontinuous. Also, since by (B.1), Qμ(Q1) is single valued, we 
get that Qμ(Q1) is in fact continuous in Q1. 

DEFINITION E.3 The correspondence G is lower hemicontinuous at θ ∈ Θ if G(θ) is non-empty and 
if, for every X ∈ G(θ) and every sequence {θ(j)} such that θ(j) → θ , there is a 1 ≤ J and a sequence 
{X(j)} such that X(j) ∈ G(θ(j) ) for all J ≤ j and X(j) → X. 

To prove the lower hemicontinuity of G1(Q1), let  Q1 ∈ P(X ) and Q ∈ G1(Q1) be fixed. Also, let 
Q(j) 

1 ∈ P(X ) be a sequence converging to Q1. Next, we construct the sequence Q(j) such that for every j, 
Q(j) ∈ G1(Q

(j) 
1 ) and Q(j) → Q. Note that for every Q(j) 

1 , the correspondence is a half space characterized 
by the hyperplane 

H (j) = {Q ∈ P(X ) :
(
Q − Qμ(Q(j) 

1 )
)T n(j) = 0}, (E.3)  

where n(j) is 

n(j) =
(

log 
Qμ(Q(j) 

1 )(1) 
P0(1) 

, . . . , log 
Qμ(Q(j) 

1 )(
∣∣X ∣∣) 

P0(
∣∣X ∣∣)

)T 
. (E.4)  
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UNIVERSAL NEYMAN–PEARSON CLASSIFICATION 35 

Also for every Q(j), define the line passing P0 and intersecting H (j) as 

L(Q(j) ) = βP0 + (1 − β)Q(j) 
† , β ∈ [0, 1], (E.5) 

Q(j) 
† = {P : P = βP0 + (1 − β)Q, β ∈ R} ∩  H j. (E.6)  

Moreover, for every Q, let  Q = β∗P0 + (1 − β∗)Q†. Finally, we can define the sequence Q(j) as 

Q(j) = β∗P0 + (1 − β∗)Q(j) 
† . (E.7)  

By our construction, it is clear that for every j, Q(j) ∈ G1(Q
(j) 
1 ). Moreover, by the continuity of Qμ(Q(j) 

1 ), 
we conclude that H (j) → H and consequently Q(j) 

† → Q†, and Q(j) → Q. 
Next, we show the continuity of G(r). To show the upper hemicontinuity of the correspondence, we 

can use the same argument as the upper hemicontinuity of G1(Q1). Therefore, it only remains to prove the 
lower hemicontinuity. Let 0 ≤ r and Q1 ∈ Pδ(X ) be fixed. Also, let 0 ≤ r(j) is a sequence converging 
to r. Construct Q(j) 

1 ∈ Pδ(X ) as 

Q(j) 
1 =

(
r(j) 

r

)
Q1 +

(
1 − 

r(j) 

r

)
P1. (E.8)  

It is clear that Q(j) 
1 → Q1 as r(j) → r. Also by convexity of KL-divergence, we get 

D
(
Q(j) 

1 ‖P1

) ≤ 
r(j) 

r 
D(Q1‖P1) ≤ r(j) (E.9) 

where in the last inequality, we used the fact that Q1 ∈ G(r). Therefore, Q(j) 
1 ∈ G

(
r(j)

)
, gives the lower 

hemicontinuity of G(r) and concludes the proof. 

F. Proof of Lemma C.1 

By the envelope theorem [27], we can find the partial derivative simply by taking the derivative of 
Lagrangian and evaluating at its optimal solution. Writing the Lagrangian, we have 

L(Q, Q1, μ, ν) = D(Q‖Q1) + μ
(
D(Q‖P0) − E0

) + ν
( ∑

x∈X 
Q(x) − 1

)
, (F.1)  

hence 
∂γ 

∂Q1(j) 
= β 

∂L 
∂Q1(j)

∣∣∣∣
Q=Qμ∗ 

(F.2) 

= −β 
Qμ∗(j) 
Q1(j) 

. (F.3)  

D
ow

nloaded from
 https://academ

ic.oup.com
/im

aiai/article/13/2/iaae010/7664051 by H
utchison/M

R
C

 R
esearch C

entre user on 20 June 2024
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Taking the second-order partial derivative, we get 

∂2γ 
∂Q1(i)Q1(j) 

= β
(

− 
1 

Q1(j) 
∂Qμ∗(j) 
∂Q1(i) 

+ 
Qμ∗(i) 
Q2 

1(i) 
1{i = j}

)
. (F.4)  

Therefore, we need to find the sensitivity of Qμ∗ , the optimal solution of optimization ( 3.1), to local 
changes in Q1. Reference [7] presents a general approach to find the partial derivative of primal and dual 
variables solution with respect to any parameter of the optimization problem. For ease of reference, we 
state this result. The result in [7] is more general; however, we only state the version we need in our 
proof. 

PROPOSITION F.1 Consider the following primal non-linear programming problem: 

min 
x: g(x,a)≤0 

h(x,a)=0 

z = f (x, a), (F.5)  

where f , g, h : Rn × R
p → R, and f , h, g ∈ C2. Let  μ, ν be the Lagrange multipliers corresponding to 

inequality and equality constraint. Furthermore, assume at the optimal solution, the constraints are active 
and μ∗ ⁄= 0, then

(
∂x 
∂a 

, 
∂ν 
∂a 

, 
∂μ 
∂a 

, 
∂z 
∂a

)T 
= U−1S, (F.6)  

where 

U = 

⎛ 

⎜⎜⎜⎜⎝ 

Fxx Hx Gx 0 

HT 
x 0 0  0  

GT 
x 0 0  0  

FT 
x 0 0  −1 

⎞ 

⎟⎟⎟⎟⎠ , S = −  

⎛ 

⎜⎜⎜⎜⎝ 

Fxa 

HT 
a 

GT 
a 

FT 
a 

⎞ 

⎟⎟⎟⎟⎠ (F.7) 

and 0 is the matrix with entries equal to zero with the corresponding dimensions and the submatrices are 
defined as 

Fxx = ∇xx f (x
∗, a) + μ∗∇xxg(x∗, a) + ν∗∇xxh(x∗, a), 

Fxa = ∇xa f (x
∗, a) + μ∗∇xag(x∗, a) + ν∗∇xah(x∗, a), (F.8)  

where (x∗, μ∗, ν∗) is the optimal primal and dual variable solutions. Moreover, Fx, Fa, Gx, Ga, Hx, Ha 
are gradient of f , g, h respect to x, a evaluated at x∗, respectively. 

Using this proposition, we can find ∂Qμ∗ 
∂Q1 

in equation (F.4). Letting x = Q, and a = Q1, we have  

FQQ = (1 + μ∗)diag

(
1 

Qμ∗(1) 
, . . .  , 

1 
Qμ∗(

∣∣X ∣∣)
)

, (F.9)
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FQQ1 = −diag
( 1 

Q1(1) 
, . . .  , 

1 
Q1(

∣∣X ∣∣)
)

, (F.10) 

FQ =
(

1 + log 
Qμ∗(1) 
Q1(1) 

, . . .  , 1 + log 
Qμ∗(

∣∣X ∣∣) 
Q1(

∣∣X ∣∣)
)T 

, (F.11) 

FQ1 =
(

− 
Qμ∗(1) 
Q1(1) 

, . . . , −Qμ∗(
∣∣X ∣∣) 

Q1(
∣∣X ∣∣)

)T 
, (F.12) 

GQ =
(

1 + log 
Qμ∗(1) 
P0(1) 

, . . .  , 1 + log 
Qμ∗(

∣∣X ∣∣) 
P0(

∣∣X ∣∣)
)T 

, (F.13) 

GQ1 =
(
0, . . . , 0

)T , (F.14) 

HQ =
(
1, . . .  , 1

)T , (F.15) 

HQ1 =
(
0, . . .  , 0

)T . (F.16) 

Writing matrix U as 

U = 

⎛ 

⎝A(

∣∣X ∣∣×∣∣X ∣∣) B(

∣∣X ∣∣×3) 

C(3×
∣∣X ∣∣) D(3×3) 

⎞ 

⎠ , (F.17) 

we have 

A = (1 + μ∗)diag

(
1 

Qμ∗(1) 
, . . .  , 

1 
Qμ∗(

∣∣X ∣∣)
)

, (F.18) 

B = 

⎛ 

⎜⎜⎜⎜⎝ 

1 1 + log Qμ∗ (1) 
P0(1) 0 

... 
... 

... 

1 1 + log Qμ∗ (

∣∣X ∣∣) 
P0(

∣∣X ∣∣) 0 

⎞ 

⎟⎟⎟⎟⎠ , C = 

⎛ 

⎜⎜⎜⎜⎝ 

1 . . . 1 

1 + log Qμ∗ (1) 
P0(1) . . .  1 + log Qμ∗ (

∣∣X ∣∣) 
P0(

∣∣X ∣∣) 
1 + log Qμ∗ (1) 

Q1(1) . . .  1 + log Qμ∗ (

∣∣X ∣∣) 
Q1(

∣∣X ∣∣) 

⎞ 

⎟⎟⎟⎟⎠ , D = 

⎛ 

⎝0 0  0  
0 0  0  
0 0  −1 

⎞ 

⎠ . 

(F.19) 

Also writing S as 

S = 

⎛ 

⎝F(

∣∣X ∣∣×∣∣X ∣∣) 
K(3×

∣∣X ∣∣) 
⎞ 

⎠ , (F.20) 
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we have 

F = diag

(
1 

Q1(1) 
, . . . , 

1 
Q1(

∣∣X ∣∣)
)

, (F.21) 

K = 

⎛ 

⎜⎜⎝ 

0 . . . 0 
0 . . . 0 

Qμ∗ (1) 
Q1(1) . . .  Qμ∗ (

∣∣X ∣∣) 
Q1(

∣∣X ∣∣) 

⎞ 

⎟⎟⎠ . (F.22) 

By the blockwise inversion formula, we have 

U−1 =
(

A−1 + A−1BMCA−1 −A−1BM 
−MCA−1 M

)
, (F.23) 

where M = (
D − CA−1B

)−1 . Since we are only interested in ∂Qμ∗ 
∂Q1 

, it suffices to find the first
∣∣X ∣∣ rows 

of U−1. Applying the block inversion formula to find M, we get 

BM = 
1 + μ∗ 

VarQμ∗
(
log Qμ∗ 

P1

)
⎛ 

⎜⎜⎜⎝ 

(1 + E0)
(
log 

Qμ∗ (1) 
P0(1) − E0

) − VarQμ∗
(
log 

Qμ∗ 
P0

)
, −(

log 
Qμ∗ (1) 
P0(1) − E0

)
, 0  

... 
... 

... 

(1 + E0)
(
log 

Qμ∗ (
∣∣X ∣∣) 

P0(
∣∣X ∣∣) − E0

) − VarQμ∗
(
log 

Qμ∗ 
P0

)
, −(

log 
Qμ∗ (

∣∣X ∣∣) 
P0(

∣∣X ∣∣) − E0
)
, 0  

⎞ 

⎟⎟⎟⎠ , 

(F.24) 

where we used that at the optimal solution D(Qμ∗‖P0) = E0. Furthermore, we get 

A−1BMCA−1 = −  
1 

(1 + μ∗) 
(Q + W). (F.25) 

Finally, by the structure of K and BM, we see that 

−diag
( 1 

Q1

)
∗
(∂Qμ∗ 

∂Q1

)∣∣∣∣
Q1=P1 

= −F
(
A−1 + A−1BMCA−1)F (F.26) 

= 
1 

1 + μ∗ J
[

T − (Q + W)

]
J. (F.27) 

Substituting ( F.26) into (F.4), we get the Hessian matrix in (C.5). 

G. Proof of Lemma C.2 

Similarly to Lemma  C.1 by writing the Lagrangian and using the envelope theorem [27], we have 

L(Q, Q1, η, ν) = D(Q‖P1) + η
(
D(Q‖P0) − βD(Q‖Q1) + γ (E0, Q1)

) + ν
( ∑

x∈X 
Q(x) − 1

)
, (G.1)
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UNIVERSAL NEYMAN–PEARSON CLASSIFICATION 39 

hence 

∂E1(E0, Q1) 
∂Q1(j)

= 
∂L 

∂Q1(j)

∣∣∣∣
Q=Q̂η∗ 

= η∗
(

β 
Q̂η∗(j) 
Q1(j) 

+ 
∂γ 

∂Q1(j)

)
, (G.2)  

Q̂η∗(x) = P 
1 

1+η∗−η∗β 
1 (x)Q 

−η∗β 
1+η∗−η∗β 
1 (x)P 

η∗ 
1+η∗−η∗β 
0 (x)

∑
a∈X P 

1 
1+η∗−η∗β 
1 (a)Q 

−η∗β 
1+η∗−η∗β 
1 (a)P 

η∗ 
1+η∗−η∗β 
0 (a) 

. (G.3)  

Letting Q1 = P1, we get 

Qη∗
β 
(x) = 

P 

1−η∗
β β 

1+η∗
β

−η∗
β β 

1 (x)P 

η∗
β 

1+η∗
β

−η∗
β β 

0 (x)

∑
a∈X P 

1−η∗
β β 

1+η∗
β

−η∗
β β 

1 (a)P 

η∗
β 

1+η∗
β

−η∗
β β 

0 (a) 

. (G.4)  

Furthermore, since D(Qη∗
β
‖P0) = E0, it is easy to see that, Qη∗

β 
= Qλ∗ in ( 2.11), and 

η∗
β 

1+η∗
β−η∗

ββ = λ∗. 
Also, by (B.8), Qη∗

β 
= Qμ∗ , and finally from (C.2), we conclude that

(
β 

Q̂η∗(j) 
Q1(j) 

+ 
∂γ 

∂Q1(j)

)∣∣∣∣
Q1=P1 

= β 
Qη∗

β 
(j) 

P1(j) 
− β 

Qμ∗(j) 
P1(j) 

(G.5) 

= 0, (G.6) 

which concludes (C.9). Next, by taking the second derivative of (H.2), we get 

1 
β 

∂2E1(E0, Q1) 
∂Q1(i)Q1(j) 

= 
∂η∗ 

∂Q1(i)

(
Q̂η∗(j) 
Q1(j) 

+ 
1 
β 

∂γ 
∂Q1(j)

)
(G.7) 

+ η∗
(

1 
Q1(j) 

∂ Q̂η∗(j) 
∂Q1(i) 

− 
Q̂η∗(i) 
Q2 

1(i) 
1{i = j} +  

1 
β 

∂2γ 
∂Q1(i)Q1(j)

)
. (G.8)  

Letting Q1 = P1, the first term is zero, hence we only require to find ∂ Q̂η∗ (j) 
∂Q1(i)

∣∣∣
Q1=P1 

. For simplicity in 
our derivations, we write all the expressions in terms of the optimal Lagrange multipliers when β = 1. 
Since for every 0 < β  ≤ 1, the optimizing distribution Q when Q1 = P1 is the tilted distribution of P0, 
and P1, and since for every such Q, the optimizing distribution should satisfy the condition (B.8), hence 
the tilted exponent is equal for every β and by equating the exponents in (H.4) we can define 

ρ ≜ 
η∗

β 
η∗

1 
= 1 + η∗

β − βη∗
β , (G.9)
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40 P. BOROUMAND AND A. GUILLÉN I FÀBREGAS 

where η∗
β is the Lagrange multiplier for aribitrary β and η∗

1 is the Lagrange multiplier when β = 1. Using 
proposition F.1 and letting x = Q, and a = Q1, and setting Q1 = P1, we have  

Fβ 
QQ = ρFQQ, Fβ 

QQ1 
= ρFQQ1 , (G.10) 

Fβ 
Q = FQ, Fβ 

Q1 
= BQ, (G.11) 

Gβ 
Q = βGQ + (1 − β)FQ, Gβ 

Q1 
= GQ1 , (G.12) 

Hβ 
Q = HQ Hβ 

Q1 
= HQ, (G.13) 

where 

FQQ = diag

(
1 

Qη∗
1 
(1) 

, . . .  , 
1 

Qη∗
1 
(
∣∣X ∣∣)

)
, (G.14) 

FQQ1 = λ∗
1diag

( 1 
P1(1) 

, . . .  , 
1 

P1(
∣∣X ∣∣)

)
, (G.15) 

FQ =
(

1 + log 
Qη∗

1 
(1) 

P1(1) 
, . . . , 1 + log 

Qη∗
1 
(
∣∣X ∣∣) 

P1(
∣∣X ∣∣)

)T 
, (G.16) 

FQ1 =
(
0, . . . , 0

)T , (G.17) 

BQ =
(

1 + log 
Qη∗

1 
(1) 

P0(1) 
, . . . , 1 + log 

Qη∗
1 
(
∣∣X ∣∣) 

P0(
∣∣X ∣∣)

)T 
, (G.18) 

GQ =
(

log 
P1(1) 
P0(1) 

, . . . , log 
P1(

∣∣X ∣∣) 
P0(

∣∣X ∣∣)
)T 

, (G.19) 

GQ1 =
(( Q̂η∗

1 
(1) 

Q1(1) 
+ 

∂γ 
∂Q1(1)

)∣∣∣∣
Q1=P1 

, . . .  ,
( Q̂η∗

1 
(
∣∣X ∣∣) 

Q1(
∣∣X ∣∣) + ∂γ 

∂Q1(
∣∣X ∣∣)

)∣∣∣∣
Q1=P1

)T 
(G.20) 

= (
0, . . . , 0

)T , (G.21) 

HQ =
(
1, . . . , 1

)T , (G.22) 

HQ1 =
(
0, . . .  , 0

)T . (G.23) 

Similarly to the Lemma  C.1, we can write U as 

Uβ = 

⎛ 

⎜⎝A 
(

∣∣X ∣∣×∣∣X ∣∣) 
β B 

(

∣∣X ∣∣×3) 
β 

C 
(3×

∣∣X ∣∣) 
β D(3×3) 

β 

⎞ 

⎟⎠ , (G.24)
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UNIVERSAL NEYMAN–PEARSON CLASSIFICATION 41 

where 

Aβ = ρA1 (G.25) 

Bβ = βB1 + (1 − β)E0 (G.26) 

Cβ = βC1 + (1 − β)L0 (G.27) 

Dβ = D1 (G.28) 

and 

A1 = diag

(
1 

Qη∗
1 
(1) 

, . . . , 
1 

Qη∗
1 
(
∣∣X ∣∣)

)
, D1 = 

⎛ 

⎝0 0  0  
0 0  0  
0 0  −1 

⎞ 

⎠ , (G.29) 

B1 = 

⎛ 

⎜⎜⎜⎝ 

1 log P1(1) 
P0(1) 0 

... 
... 

... 

1 log P1(

∣∣X ∣∣) 
P0(

∣∣X ∣∣) 0 

⎞ 

⎟⎟⎟⎠ , E0 = 

⎛ 

⎜⎜⎜⎜⎝ 

1 1  + log 
Qη∗

1 
(1) 

P0(1) 0 
... 

... 
... 

1 1 + log 
Qη∗

1 
P0(

∣∣X ∣∣) 0 

⎞ 

⎟⎟⎟⎟⎠ , (G.30) 

quad (G.30) 

C1 = 

⎛ 

⎜⎜⎜⎜⎝ 

1 . . . 1 

log P1(1) 
P0(1) . . .  log P1(

∣∣X ∣∣) 
P0(

∣∣X ∣∣) 
1 + log 

Qη∗
1 
(1) 

P1(1) . . .  1 + log 
Qη∗

1 
(

∣∣X ∣∣) 
P1(

∣∣X ∣∣) 

⎞ 

⎟⎟⎟⎟⎠ , L0 = 

⎛ 

⎜⎜⎜⎜⎝ 

1 . . . 1 

1 + log 
Qη∗

1 
(1) 

P0(1) . . .  1 + log 
Qη∗

1 
(1) 

P0(

∣∣X ∣∣) 
1 + log 

Qη∗
1 
(1) 

P1(1) . . .  1 + log 
Qη∗

1 
(

∣∣X ∣∣) 
P1(

∣∣X ∣∣) 

⎞ 

⎟⎟⎟⎟⎠ . 

(G.31) 

Also writing S as 

S =
(

−Fβ 
QQ1 

K

)
, (G.32) 

we have 

K(3×
∣∣X ∣∣) = 

⎛ 

⎝0 . . .  0 
0 . . .  0 
0 . . .  0 

⎞ 

⎠ . (G.33) 

By block inversion formula in ( F.23), and using similar arguments as in Lemma C.1, we have  

A−1 
β Bβ

(
Dβ − CβA−1 

β Bβ

)−1 CβA−1 
β = − 1 

ρ

(
T2 + V

)
, (G.34)
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where V = vvT and 

v = 1√
VarQη∗

β 
(Ω)

(
Qη∗

β 
(1)Ω(1), . . . , Qη∗

β 
(
∣∣X ∣∣)Ω(

∣∣X ∣∣)), (G.35) 

Ω(i) = β log 
P1(i) 
P0(i) 

+ (1 − β) log 
Qη∗

β 
(i) 

P0(i) 
, i ∈ X. (G.36) 

Finally, by the structure of S, we find  

diag
( 1 

P1

)
∗
(∂ Q̂η∗ 

∂Q1

)∣∣∣∣
Q1=P1 

= J
[

− T + (T2 + V)
]
J. (G.37) 

Substituting ( H.37) and (C.5) into (H.7), we get 

H2 = ρη∗
1J
[

− T + Q + η∗
1V + (1 − η∗

1)W
]
J, (G.38) 

where we have used the identity η∗
1 = μ∗ 

1+μ∗ derived by setting the tilted distribution exponents to be 
equal for when Q1 = P1. 

H. Proof of Lemma C.3 

By applying a Taylor expansion to E1(E0, Q1) around Q1 = P1, we obtain 

E1(E0, Q1) = E1(E0, P1) + θT 
P1

∇E1(E0, Q1)
∣∣
Q1=P1 

+ 
1 
2 
θT 

P1 H2θP1 + o(‖θP2
‖2∞). (H.1)  

The first term in the expansion is E∗
1(E0). Also by Lemma  C.2, the gradient evaluated at Q1 = P1 is 

zero. Further approximating the constraint in (B.30), we get 

D(Q1‖P1) = 
1 
2 
θT 

P1 JθP1 + o(‖θP1
‖2∞). (H.2)  

By substituting the expansions ( H1) and (H2) in (B.39), we obtain 

E1(E0, r) = E∗
1(E0) + min

1 
2 θT 

P1 
JθP1+o(‖θP1‖2∞)≤r 

1TθP1=0 

1 
2 
θT 

P1 H2θP1 + o(‖θP1
‖2∞). (H.3)  

To find the error term of the above approximation as a function of r, first observe that we can take 
o(‖θP1

‖2∞) out of minimization and substitute it with o(‖θ∗
P1 

(r)‖2∞), where θ∗
P1 

is the optimal solution 
of the minimization. Moreover, approximating the inequality constraint can result an error of o(

√
r) in 

‖θ∗
P1

‖∞. Therefore, from the inequality constraint and using the fact that it imposes a constraint on the 
length of the vector θ , we have that ‖θ∗

P1
‖∞ ≤ c

√
r + o(

√
r), where c is independent from r and only 

depends on J, H2. This argument together with ( H3) concludes the proof of (C.14).
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I. Proof of Lemma C.4 

Since J is a diagonal matrix with non-zero diagonal entries, we have 

√
J = diag

(
1√

P1(1) 
, . . . , 

1√
P1(

∣∣X ∣∣)
)

. (I.1)  

Letting ψP1 =
√

JθP1 , we obtain 

1 
2 
θT 

P1 H2θP1 = 
1 
2 
ψT 

P1 HψP1 , (I.2)  

1 
2 
θT 

P1 JθP1 = 
1 
2 
ψT 

P1 ψP1 , (I.3)  

1TθP1 = 1T
√

J
−1 

ψP1 . (I.4)  

Next we show that we can drop the equality constraint. Note that σ 1 ≜ 
√

J
−1 

1 
‖√J

−1 
1‖ 

is in the null space of 
H, i.e. 

H
√

J
−1 

1 = βη∗
β 
√

J
[
Q + η∗

1V + (1 − η∗
1)W − T

]
1 = 0 (I.5) 

since vT1 = 0, wT1 = 0, T1 = q. Now, assume the optimizer of the second optimization in ( C.16) is of  
the form 

ψP1 = ρ1σ 1 + ρ2σ 2, (I.6)  

where σ 1 ⊥ σ 2, ‖σ 2‖ =  1. Then, 

ψT 
P1 HψP1 = (ρ1σ 1 + ρ2σ 2)

TH(ρ1σ 1 + ρ2σ 2) (I.7) 

= ρ2 
2σ T 

2 Hσ 2, (I.8)  

where we also used  Hσ 1 = 0, H = HT . Assuming H has negative eigenvalues (otherwise, both 
optimization problems are equal to zero), the inequality constraint should be satisfied with equality. 
Then, 

ψT 
P1 HψP1 =

(
2r − ρ2 

1

)
σ T 

2 Hσ 2. (I.9)  

Therefore, to achieve the minimum, ρ1 must be zero, which concludes the proof. 
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44 P. BOROUMAND AND A. GUILLÉN I FÀBREGAS

J. Proof of Theorem 4.1 

From Theorem 3.1, it can be shown that by taking E0 = Θ(n−1), there exists an α such that the classifier 
proposed in (3.1) achieves E1 = D(P0‖P1) which is equal to the Stein regime exponent of hypothesis 
testing with known distributions. This implies that (4.3) is equal to D(P0‖P1). In fact, there is no need 
for a training sequence to achieve (4.3). Since Hoeffding’s test achieves the optimal error exponent 
tradeoff only by knowing distribution P0, it is easy to see that the Hoeffding test achieves the Stein 
regime exponent for the unknown distribution for any P1. However, in order to achieve the largest error 
exponent under P0 that guarantees that for any P1 the type-II probability of error is bounded by some 
ε ∈ (0, 1), Hoeffding’s and our proposed classifier are not universal, since for any choice of threshold 
E0 > 0, the type-II probability of error for any distribution P1 such that D(P1‖P0) <  E0 tends to one. 
We show that Gutman’s universal test [16] achieves the largest type-I error exponent, while the type-II 
probability of error is bounded away from one. Using the Gutman’s test, we obtain 

DGJS 
α (T̂x‖T̂z) ≤ 

1 
2n 

G−1∣∣X∣∣−1 
(ε), (J.1) 

where 

DGJS 
α (Q‖P) = D

(
Q

∥∥∥∥Q + αP 
1 + α

)
+ αD

(
P

∥∥∥∥Q + αP 
1 + α

)
, (J.2) 

is the generalized Jensen–Shannon divergence and G−1 
a (.) is the inverse of the complementary CDF 

of a chi-squared random variable with a degrees of freedom; [ 42] shows that Gutman’s test with the 
chosen threshold achieves type-II error probability of ε for any P1 and achieves the type-I error exponent 
D α 

1+α 
(P1‖P0). We prove the converse showing that the achievable error exponent using Gutman’s test 

is, in fact, the Stein’s regime exponent defined in (4.3). Note that as α → ∞, i.e. when the number 
of training samples is much larger than the number of test samples, then the exponent D α 

1+α 
(P1‖P0) 

converges to D(P1‖P0) which is the Stein regime error exponent under when both distributions are 
known. We prove the asymptotic optimality of Gutman’s test in this setting. Specifically, we show that 
for any test such that the type-I error exponent E(ε) 

0 > D α 
1+α 

(P1‖P0), there exists a P1 such that type-II 
probability of error of the test tends to one, i.e. for any test φn such that 

lim sup 
n→∞ 

ε1(φn) ≤ ε (J.3) 

for all P1 ∈ P(X ) then 

lim
n→∞ E(ε) 

0 (φn) ≤ D α 
1+α 

(P1‖P0). (J.4) 

First, by [42, Lemma 6], any optimal test can be converted into a test based on the type of the 
observation samples, and the error probabilities of such a test only change by a constant factor. Hence, 
the converted type-based test is asymptotically optimal, and we can limit the classifiers to type-based 
ones when studying the error exponent. Next, using the similar idea to [42], we show that in order to 
have a type-II error probability bounded away form one for every P1, the classifier necessarily needs to 
decide in favor of the second hypothesis when ‖T̂x − T̂z‖ ≤  δ, for  δ >  0, since under P1 the types of the 
test and training sequence will converge to P1. In addition, we only consider deterministic tests, since
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UNIVERSAL NEYMAN–PEARSON CLASSIFICATION 45

it can be shown that randomizing the test cannot increase the error exponents. We have the following 
lemma. 

LEMMA J.1 Let ε ∈ (0, 1) and X, x be two independent i.i.d sequences, generated by distribution P. 
Then, 

P
(

max 
a∈X

∣∣∣T̂z(a) − T̂x(a)
∣∣ ≥ ε

)
≤ 2

∣∣X∣∣e−n ε2 
2 + 2

∣∣X∣∣e−αn ε2 
2 . (J.5)  

Proof. By the triangle inequality, union bound and Hoeffding’s inequality [4], we have 

P
(

max 
a∈X

∣∣∣T̂z(a) − T̂x(a)

∣∣∣ ≥ ε
)

= P
(
max 
a∈X

∣∣∣T̂z(a) − P(a) + P(a) − T̂x(a)
∣∣ ≥ ε

)
(J.6) 

≤ P
(

max 
a∈X

∣∣T̂z(a) − P(a)
∣∣ + ∣∣T̂x(a) − P(a)

∣∣ ≥ ε
)

(J.7) 

≤ P
(

max 
a∈X

∣∣T̂z(a) − P(a)
∣∣ + max 

a∈X

∣∣∣T̂x(a) − P(a)
∣∣ ≥ ε

)
(J.8) 

≤ P
(

max 
a∈X

∣∣T̂z(a) − P(a)
∣∣ ≥ 

ε 
2 

∪ max 
a∈X

∣∣∣T̂x(a) − P(a)
∣∣ ≥ 

ε 
2

)
(J.9) 

≤ P
(

max 
a∈X

∣∣∣T̂z(a) − P(a)
∣∣ ≥ 

ε 
2

)
+ P

(
max 
a∈X

∣∣∣T̂x(a) − P(a)
∣∣ ≥ 

ε 
2

)
(J.10) 

≤
∑

a∈X 
P
(∣∣∣T̂z(a) − P(a)

∣∣∣ ≥ 
ε 
2

)
+

∑
a∈X 

P
(∣∣∣T̂x(a) − P(a)

∣∣ ≥ 
ε 
2

)
(J.11) 

≤ 2
∣∣X ∣∣e−2n( ε 

2 )
2 + 2

∣∣X ∣∣e−2k( ε 
2 )

2 
, (J.12) 

which concludes the proof of the lemma. ◻ 

LEMMA J.2 Let (Q, Q1) ∈ Pn(X ) × Pk(X ) satisfy 

max 
a∈X

{∣∣∣Q(a) − Q1(a)

∣∣∣} ≤
√

2 
(α ∧ 1)n 

log 
4
∣∣X ∣∣

1 − ε 
, (J.13) 

where a ∧ b = min{a, b}. Then for any type-based test φn(T̂x, T̂z) such that for all distributions P̃1 ∈ 
P(X ) 

ε1

(
φn(T̂x, T̂z)

)
< ε, ε ∈ (0, 1), (J.14) 

we have φn(Q, Q1) = 1. 

Proof. We prove this lemma by contradiction. Assume there exists a type-based test φn such that 
ε1

(
φn(T̂x, T̂z)

)
< ε, and φn(Q, Q1) = 0 for types Q, Q1 satisfuing (J.13). Then the type-II probability of 

error for such test will be such that 

ε1(φn) = P1(φn(T̂x, T̂z) = 0) (J.15)
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46 P. BOROUMAND AND A. GUILLÉN I FÀBREGAS 

≥ P1(φn(T̂x, T̂z) = 0, T̂x = Q, T̂z = Q1). (J.16) 

Conditioning on training and test sequences, we obtain 

ε1

(
φn) ≥ P1(φn(T̂x, T̂z) = 0

∣∣T̂x = Q, T̂z = Q1

)
P1(T̂x = Q, T̂z = Q1

)
(J.17) 

= P1(T̂x = Q, T̂z = Q1

)
(J.18) 

≥
(

1 − 
(1 − ε) 

2 
− 

(1 − ε) 
2

)
(J.19) 

≥ ε, (J.20) 

where in the last step we used the Lemma J.1. Therefore, for any probability distribution P1 the type-II 
error probability exceeds ε, contradicting the initial assumption. Hence, any type-based classifier such 
that ε1(φn) < ε  for all distributions of P̃1 ∈ P(X ) should satisfy φ(T̂x, T̂z) = 1 for sufficiently close 
types T̂x, T̂z. ◻ 

Finally by the method of types, we can lower bound the type-I probability of error as 

ε0 = P0(φn(Q, Q1) = 1) (J.21) 

≥ (n + 1)
−
∣∣X ∣∣

(k + 1)
−
∣∣X ∣∣ ∑

φn(Q,Q1)=1 
e−n

(
D(Q‖P0)+αD(Q1‖P1)

)
(J.22) 

≥ (n + 1)
−
∣∣X ∣∣

(k + 1)
−
∣∣X ∣∣

e−n
(
minφn(Q,Q1)=1 D(Q‖P0)+αD(Q1‖P1)

)
. (J.23) 

Therefore, for any type-based test, the type-I error exponent is upper bounded by 

E0(φ) ≤ lim inf
n→∞ 

min 
φn(Q,Q1)=1 

D(Q‖P0) + αD(Q1‖P1). (J.24) 

Now by Lemma J.2, for any test with type-II error probability bounded away from one, we have 

E0(φ) ≤ lim inf
n→∞ min 

max
a∈X

∣∣Q(a)−Q1(a)

∣∣≤
√

2 
(α∧1)n log 

4

∣∣X ∣∣
1−ε 

D(Q‖P0) + αD(Q1‖P1) (J.25) 

= lim
n→∞ 

min 
Q∈P(X ) 

D(Q‖P0) + αD(Q1‖P1) + o(1) (J.26) 

= min 
Q∈P(X ) 

D(Q‖P0) + αD(Q‖P1) (J.27) 

= D α 
1+α 

(P1‖P0), (J.28) 

where the last step follows from, e.g. [ 36]. This concludes the proof. Observe that the proof can be easily 
generalized for the case where both probability distributions are unknown and only training samples
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UNIVERSAL NEYMAN–PEARSON CLASSIFICATION 47

from both are given, i.e. the largest type-I error exponent achievable when the type-II error probability 
is bounded away from one is also D α 

1+α 
(P1‖P0) and can be attained by Gutman’s test. 

K. Proof of Theorem 5.1 

We first find the error probabilities as a function of thresholds, and then, we find the average stopping 
time under each hypothesis. The type-I error probability can be upper bounded by 

ε0 ≤ 
∞∑

t=n 
P

[
t
(
D(T̂x‖P0) − D(T̂x‖T̂ ′

z)
) ≥ γ1,n(t)

]
. (K.1)  

By the method of types [ 11], we have 

ε0 ≤ 
∞∑

t=n

∑
(Q,Q1)∈Q01(t)∩Pt(X )×Pαt(X ) 

e−t
(

D(Q‖P0)+αD(Q1‖P1)
)

(K.2) 

≤ 
∞∑

t=n 
(αt + 1)

∣∣X ∣∣
(t + 1)

∣∣X ∣∣
e−E01(t), (K.3)  

where 

E01(t) = min 
(Q,Q1)∈Q01(t) 

t
(
D(Q‖P0) + αD(Q1‖P1)

)
, (K.4)  

Q01(t) =
{
(Q, Q1) : D(Q‖P0) − D(Q‖Q′

1) ≥ 
γ1,n(t) 

t 
, Q′

1 = (1 − δn)Q1 + δnU

}
. (K.5)  

Similarly to the proof of Theorem 3.1, we can expand all the exponents defined in this proof around Q1, 
and by choosing δn = o(n−1), the error term of the expansion vanishes as n tends to infinity and we can 
substitutde Q1′ with Q1 for Q1 ∈ Pδn (X ). This is also true for all the exponent functions we define in 
the rest of the proof. For every fixed Q1 we can use the dual form of the optimization (K.4) over Q to get 
[3] 

E01(t) = min 
Q1∈Pδn (X )

(
max 
λ≥0 

γ1,n(t)λ − t log
∑
x∈X 

P1−λ 
0 (x)Qλ 

1(x)
)

+ αtD(Q1‖P1)
)

. (K.6)  

Substituting γ1,n(t) = nD(Q1‖P0)+ (4
∣∣X ∣∣+4) log(t+1) and setting λ = 1, we obtain the lower bound 

E01(t) ≥ (4
∣∣X ∣∣ + 4) log(t + 1) + n min 

Q1∈Pδn (X ) 
D(Q1‖P0) + 

αt 
n 

D(Q1‖P1), (K.7)  

where for large enough n 

E01(t) ≥ (4
∣∣X ∣∣ + 4) log(t + 1) + nDβ(t)(P1‖P0), (K.8)  
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48 P. BOROUMAND AND A. GUILLÉN I FÀBREGAS 

and 

β(t) = 
αt 
n 

1 + αt 
n 

. (K.9)  

Furthermore, as β(t) is strictly increasing function in t and Dβ(t)(P1‖P0) is a non-decreasing function in 
β [ 36], then for all t ≥ n, we have  

D α 
1+α 

(P1‖P0) ≤ Dβ(t)(P1‖P0). (K.10) 

Therefore, by ( K.8), (K.10) 

ε0 ≤ 
∞∑

t=n 
(αt + 1)

∣∣X ∣∣
(t + 1)

−3
∣∣X ∣∣−4 e

−nD α 
1+α 

(P1‖P0) 
(K.11) 

≤ ce
−nD α 

1+α 
(P1‖P0) 

, (K.12) 

where c is a positive constant. 
Next, we find a lower bound to the type-II error exponent. Upper bounding the type-II error 

probability, we have 

ε1 ≤ 
∞∑

t=n 
P

[
t(D(T̂x‖T̂ ′

z) − D(T̂x‖P0)) ≥ γ0,n(t)
]
. (K.13) 

By the method of types, we have 

ε1 ≤ 
∞∑

t=n

∑
(Q,Q1)∈Q10(t)∩Pt(X )×Pαt(X ) 

e−t
(

D(Q‖P1)+αD(Q1‖P1)
)

(K.14) 

≤ 
∞∑

t=n 
(αt + 1)

∣∣X ∣∣
(t + 1)

∣∣X ∣∣
e−E10(t), (K.15) 

where 

E10(t) = min 
(Q,Q1)∈Q10(t) 

t
(
D(Q‖P1) + αD(Q1‖P1)

)
, (K.16) 

Q10(γ ) =
{
(Q, Q1) : D(Q‖Q′

1) − D(Q‖P0) ≥ 
γ0,n(t) 

t 
, Q′

1 = (1 − δn)Q1 + δnU

}
. (K.17) 

D
ow

nloaded from
 https://academ

ic.oup.com
/im

aiai/article/13/2/iaae010/7664051 by H
utchison/M

R
C

 R
esearch C

entre user on 20 June 2024



UNIVERSAL NEYMAN–PEARSON CLASSIFICATION 49 

We show that there exists a finite α∗
seq such that for every α ≥ α∗

seq, the achievable type-II error exponent 
is lower bounded by nD(P0‖P1). Similarly to the fixed sample sized case, for every Q1 ∈ Pδn (X ), let  

E10(Q1, t) = min 
D(Q‖Q1)−D(Q‖P0)≥ γ0,n(t) 

t 
Q∈P(X ) 

tD(Q‖P1), (K.18) 

which is the error exponent when the type of the training sequence is Q1. We also define 

E10(r, t) = min 
D(Q1‖P1)≤r 

Q1∈Pδn (X ) 

E10(Q1, t). (K.19) 

Next, we expand E10(r, t) using a Taylor expansion. It is sufficient to show that there exists a finite α 
such that 

inf
n≤t 
t∈N 

inf 
0≤r≤ rc 

2 

E10(r, t) + αtr ≥ nD(P1‖P0) + (2
∣∣X ∣∣ + 2) log(t + 1). (K.20) 

Equivalently, ( K.20) can be written as the following condition: 

E10(r, t) + αtr ≥ nD(P1‖P0) + (2
∣∣X ∣∣ + 2) log(t + 1) ∀r : 0 ≤ r ≤ 

rc 
2 

, n ≤ t, t ∈ N. (K.21) 

Using a Taylor series expansion of E10(r, t) around r = 0, we have [ 3] 

E10(r, t) ≥ E10(r = 0, t) + z1(t)
√

r1{t ≥ n + 1} +  hr1{t = n}, (K.22) 

where 

z1(t) = inf 
0≤r≤ rc 

2 

∂E10(r, t) 
∂
√

r 
(K.23) 

= inf 
D(Q1‖P1)≤ rc 

2 

−
√

VarP1

(
λ∗(t) 

Qλ∗(t) − n 
t P0 

Q1

)
, (K.24) 

h = 
1 
2 

inf 
0≤r≤ rc 

2 

∂2E10(r, t = n) 
(∂

√
r)2 , (K.25) 

where Qλ∗(t), λ∗(t) are the minimizing distribution and the Lagrange multiplier in ( K.18). We have used 
the fact that for t = n, the optimization problem E10(r, t = n) is the same as the fixed sample sized 
classifier and hence we can use the result of the Theorem 3.5 to lower bound the exponent by hr1{t = n} 
for some finite h. Also for every n < t, the Taylor expansion of E10(r, t) has a non-zero first-order term, 
hence the expansion includes 

√
r. Writing E10(r = 0, t) in the dual form, we have the lower bound 

E10(r = 0, t) ≥ max
1 
2 ≤λ 

λγ − log
∑
x∈X 

Pλ 
0(x)P1−λ 

1 (x), (K.26)
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50 P. BOROUMAND AND A. GUILLÉN I FÀBREGAS 

where γ = γ0,n(t) 
t

∣∣∣
Q1=P1 

. Then, E10(r = 0, t) is convex as it is the supremum of linear functions in γ [5]. 

Hence, we can lower bound E10(r = 0, t) by expanding it around γ = nD(P0‖P1) 
t . Using the envelope 

theorem, we get [27] 

E10(r = 0, t) ≥ Ẽ10(r = 0, t) + (2
∣∣X ∣∣ + 2) log(t + 1), (K.27) 

where 

Ẽ10(r = 0, t) = t max
1 
2 ≤λ 

λ 
nD(P0‖P1) 

t 
− log

∑
x∈X 

Pλ 
0(x)P1−λ 

1 (x). (K.28) 

Further expanding Ẽ10(r = 0, t) around t = n, we have  

E10(r, t) ≥ nD(P1‖P0) + (2
∣∣X ∣∣ + 2) log(t + 1) 

+ m(t − n)1{t > 2n} +  m(t − n)21{t ≤ 2n} +  z1(t)
√

r1{t ≥ n + 1} +  hr1{t = n}, (K.29) 

where we have used the fact that ∂ ̃E10(r=0,t) 
∂t

∣∣∣
t=n 

= 0, and 

m = min
{

inf 
2n<t 

∂ ̃E10(r = 0, t) 
∂t 

, 
1 
2 

inf 
n≤t≤2n 

∂2Ẽ10(r = 0, t) 
∂t2

}
. (K.30) 

We have expanded Ẽ10(r = 0, t) as above since it behaves linearly as t tends to infinity while quadratically 
for t close to n. Using Proposition F.1, we have  

∂ ̃E10(r = 0, t) 
∂t

= − log
∑
x∈X 

Pλ̃∗(t) 
0 (x)P1−λ̃∗(t) 

1 (x), (K.31) 

∂2Ẽ10(r = 0, t) 
∂t2

=
(∑

Q∗(t) log P0 
P1

)2 

tVarP1

(
log P0 

P1

) , (K.32) 

which are finite and strictly positive for any 2n < t, n ≤ t ≤ 2n, respectivly, since Q∗(t) is a probability 
distribution and 1 

2 ≤ λ̃∗(t) <  1 is the optimizer in ( K.28). From condition (K.21) by substituting the 
approximation (K.29), we need that 

m
(
(t − n)1{t > 2n} +  (t − n)21{t ≤ 2n}

)
+ z1(t)

√
r1{t ≥ n + 1} +  hr1{t = n} +  αtr ≥ 0 (K.33)
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UNIVERSAL NEYMAN–PEARSON CLASSIFICATION 51 

for every 0 ≤ r, n ≤ t, t ∈ N. For  α >

∣∣h∣∣
n , letting r∗ = z1(t)1{t≥n+1} 

2(αt+h1{t=n}) to minimize the LHS of (K.33) 
over r, we get the condition 

m
(
(t − n)1{t > 2n} + (t − n)21{t ≤ 2n}

)
− ρ(t) 

4(αt + h1{t = n}) ≥ 0, (K.34) 

where 

ρ(t) = z2 
1(t)1{t ≥ n + 1} (K.35) 

and we have used that 0 ≤ z1(t) <  ∞ by ( K.24) since for every Q1 satisfying D(Q1‖P1) ≤ rc 
2 , λ

∗(t) is 
finite and Qλ∗(t) is a probability distribution, hence the variance in (K.24) is finite. Moreover, ρ(t) equals 
to zero at t = n and it is finite for every t ∈ N with finite limit as t → ∞. Hence, there exists a finite 
c1 such that ρ(t) ≤ c1

(
(t − n)1{t > 2n} +  (t − n)21{t ≤ 2n}

)
for t ∈ N. Then, by further relaxing 

condition (K.33), we need

(
(t − n)1{t > 2n} +  (t − n)21{t ≤ 2n}

)(
m − 

c1 
4αt

)
≥ 0, (K.36) 

where we have dropped the h1{t = n} term as it is only non-zero for t = n, which sets (t−n) and (t−n)2 

to zero. Therefore, if α >  c1 
4m , the sufficient condition is satisfied and 

E10(t) ≥ nD(P0‖P1) + (2
∣∣X ∣∣ + 2) log(t + 1) (K.37) 

for all n ≤ t, t ∈ N, 0 ≤ r ≤ rc 
2 . Therefore, for α >  max

{
c1 
4m ,

∣∣h∣∣, 2D(P1‖P0) 
rc 

+4
∣∣X ∣∣+4

}
, by substituting 

(K.37) in (K.15), we get 

ε1 ≤ ce−nD(P0‖P1), (K.38) 

where c is a positive constant. 
Next, we find the average stopping times of the proposed sequential classifier. We first show the 

convergence of τ in probability under each hypothesis, and by proving its uniform integrability, we can 
conclude its convergence in the L1 norm. The following lemma states that for every n, the classifier stops 
with probability one. 

LEMMA K.1 . Let τ0, τ1 be the the smallest time that the sequential classifier crosses threshold γ0,n(t) 
or γ1,n(t), respectively, i.e. 

τ0 = inf{t ≥ n : St ≥ γ0,n(t)}, τ1 = inf{t ≥ n : St ≤ −γ1,n(t)}. (K.39) 

Then for i ∈ {0, 1}, t ≥ n, 

Pi[τi > t] ≤ ci(t + 1)
di

∣∣X ∣∣
eξine−tEi , (K.40) 

where Ei, ξi, ci, di > 0 and finite. 
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52 P. BOROUMAND AND A. GUILLÉN I FÀBREGAS

Proof. By the method of types, the probability of passing the threshold γ0,n(t) under the first hypothesis 
at a time after t ≥ n can be upper bounded by 

P0[τ0 > t] ≤ P0

[
St ≤ γ0,n(t)

]
(K.41) 

= P0

[
D(T̂x‖T̂ ′

z) − D(T̂x‖P0) ≤ 
γ0,n(t) 

t

]
(K.42) 

≤
∑

(Q,Q1)∈Q00∩Pt(X )×Pαt(X ) 

e−t
(

D(Q‖P0)+αD(Q1‖P1)
)

(K.43) 

≤ (αt + 1)

∣∣X ∣∣
(t + 1)

∣∣X ∣∣
e−E0(t), (K.44) 

where 

E0(t) = min 
(Q,Q1)∈Q00(t) 

t
(
D(Q‖P0) + αD(Q1‖P1)

)
, (K.45) 

Q00(t) =
{
(Q, Q1) : D(Q‖P0) − D(Q‖Q1) ≥ −γ0,n(t) 

t

}
. (K.46) 

For every fix Q1, we can use the dual form of the optimization over Q to get [ 3] 

E0(t) = min 
Q1∈P(X )

(
t max 

0≤λ 
−γ0,n(t) 

t 
λ − log

∑
x∈X 

P1−λ 
0 (x)Qλ 

1(x)
)

+ αtD(Q1‖P1)
)

(K.47) 

≥ min 
Q1∈P(X )

(
t max 

0≤λ≤1
−γ0,n(t) 

t 
λ − log

∑
x∈X 

P1−λ 
0 (x)Qλ 

1(x)
)

+ αtD(Q1‖P1)
)

. (K.48) 

Let 

E(γ ) = max 
0≤λ≤1 

λγ − log
∑
x∈X 

P1−λ 
0 (x)Qλ 

1(x). (K.49) 

Then, E(γ ) is convex as it is the supremum of linear functions in γ [ 5]. Therefore, letting the E0 to be 
the non-zero minimum of the optimization, we have 

E
(γ 

t

)
≥ E0 + 

∂E(γ ) 
∂γ

∣∣∣∣
γ=0 

γ 
t 

. (K.50) 

Applying the expansion to ( K.48), we get 

E0(t) ≥ t min 
Q1∈P(X )

(
C(P0‖Q1) − 

n 
t 

D(P0‖Q1) − (4
∣∣X ∣∣ + 4) 

log(t + 1) 
t

)+ + αD(Q1‖P1), (K.51)
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UNIVERSAL NEYMAN–PEARSON CLASSIFICATION 53 

where C(P0‖Q1) = max0≤λ≤1 − log
∑

x∈X P1−λ 
0 (x)Qλ 

1(x) is the Chernoff information, we have used 
that ∂E(γ ) 

∂γ = λ∗ with λ∗ ≤ 1 being the Lagrange multiplier solution of (K.48), and we have lower 
bounded E0(t) by setting λ∗ = 1. Further lower bounding E0(t), we get 

E0(t) ≥ t min 
Q1∈P(X )

(
C(P0‖Q1) − 

n 
t 

D(P0‖Q1)
)+ 
1{t ≥ ζn} −  (4

∣∣X ∣∣ + 4) 
log(t + 1) 

t 
+ αD(Q1‖P1) 

(K.52) 

≥ −(4
∣∣X ∣∣ + 4) log(t + 1) + t min 

Q1∈P(X )

(
C(P0‖Q1) − 

1 
ζ 

D(P0‖Q1)
)+ 
1{t ≥ ζn} +  αD(Q1‖P1), 

(K.53) 

where (x)+ = max{x, 0}. Choosing ζ >  D(P0‖P1) 
C(P0‖P1)

, for every t ≥ ζn, the solution to the optimization 

( K.53) is non-zero since αD(Q1‖P1) can be zero if and only if Q1 = P1, while the first term
(

C(P0‖Q1)− 
1 
ζ D(P0‖Q1)

)+ 
1{t ≥ ζn} is non-zero for that choice of Q1. Therefore, we have 

E0(t) ≥ −(4
∣∣X ∣∣ + 4) log(t + 1) + E0t1{t ≥ ζn} (K.54) 

≥ −(4
∣∣X ∣∣ + 4) log(t + 1) + E0t

(
1 − ζ 

n 
t

)
(K.55) 

= −(4
∣∣X ∣∣ + 4) log(t + 1) + E0t − ξ0n, (K.56) 

where ξ0 = E0ζ , E0 > 0. Substituting ( K.56) in (K.44) gives  (K.40). In order to prove the result under 
the hypothesis P1, let  

E1(t) = min 
(Q,Q1)∈Q11(t) 

t
(
D(Q‖P1) + αD(Q1‖P1)

)
, (K.57) 

Q11(t) =
{
(Q, Q1) : D(Q‖Q1) − D(Q‖P0) ≥ −γ1,n(t) 

t

}
. (K.58) 

Similarly to the steps for hypothesis P0, we have  

E1(t) + λ∗(4
∣∣X ∣∣ + 4) log(t + 1) (K.59) 

≥ t min 
Q1∈P(X ) 

⎛ 

⎝max 
0≤λ 

− log
∑
x∈X 

P1(x)Q1(x)
−λPλ 

0 

⎞ 

⎠ − 
n 
t 
λ∗D(Q1‖P0) + αD(Q1‖P1) (K.60) 

≥ t min 
Q,Q1:D(Q‖Q1)≥D(Q‖P0) 

D(Q‖P1) + 
α 
2 

D(Q1‖P1) + min 
Q1 

α 
2 

tD(Q1‖P1) − nλ∗D(Q1‖P0) (K.61) 

≥ t min 
Q,Q1:D(Q‖Q1)≥D(Q‖P0) 

D(Q‖P1) + 
α 
2 

D(Q1‖P1) + n min 
Q1 

α 
2 

D(Q1‖P1) − λ∗D(Q1‖P0) (K.62) 

= E1t − ξ1n, (K.63) 
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54 P. BOROUMAND AND A. GUILLÉN I FÀBREGAS 

where in the last step we used the fact that both optimizations are finite and E1 > 0, ξ1 > 0, and where 
λ∗ is the Lagrange multiplier solving the maximization in (K.60). This concludes the proof. ◻ 

LEMMA K.2 For i ∈ {0, 1}
∣∣γi,n(t + 1) − γi,n(t)

∣∣ a.s.−→ 0, (K.64) 

as t → ∞.

Proof. We first show the lemma for i = 0. By the triangle inequality and the definition of the relative 
entropy, we have

∣∣γ0,n(t + 1) − γ0,n(t)
∣∣ ≤ (4

∣∣X ∣∣ + 4)
∣∣ log(t + 1) − log(t)

∣∣ + n
∣∣∣∣ ∑

x∈X 
P0(x) log 

T̂ ′1:α(t+1) 
z (x) 
T̂ ′1:αt 

z (x)

∣∣∣∣ (K.65) 

≤ 
c 
t 

+ n
∣∣∣∣ ∑

x∈X 
P0(x) log 

t 
t+1 T̂ ′1:αt 

z (x) + 1 
t+1 T̂αt+1:α(t+1) 

z (x) 
T̂ ′1:αt 

z (x)

∣∣∣∣ (K.66) 

≤ 
c 
t 

+ n
∣∣∣∣ ∑

x∈X 
P0(x) log 

t 
t + 1 

+ 
1 

t + 1 
T̂αt+1:α(t+1) 

z (x) 
T̂ ′1:αt 

z (x)

∣∣∣∣ → 0, (K.67) 

where T̂ i:j 
z is the type of the sequence (Xi, . . . , Xj), and in the last step, the logarithm will be either zero 

or tends to zero as t tends to infinity. Next, for γ1,n(t), by the triangle inequality and the L1 bound on 
entropy [11], we have

∣∣γ1,n(t + 1) − γ1,n(t)
∣∣ ≤(4

∣∣X ∣∣ + 4)
∣∣ log(t + 1) − log(t)

∣∣ + n
∣∣∣H(T̂ ′1:α(t+1) 

z ) − H(T̂ ′1:αt 
z )

∣∣∣
+ n

∣∣∣∣ ∑
x∈X 

(T̂ ′1:α(t+1) 
z (x) − T̂ ′1:αt 

z (x)) log P0(x)

∣∣∣∣ (K.68) 

≤c 
t 

− n‖T̂ ′1:α(t+1) 
z − T̂ ′1:αt 

z ‖1 log 
‖T̂ ′1:α(t+1) 

z − T̂ ′1:αt 
z ‖1∣∣X ∣∣

+ c′‖T̂ ′1:α(t+1) 
z − T̂ ′1:αt 

z ‖1 (K.69) 

≤c 
t 

+ 
n 

t + 1 
log 

1∣∣X ∣∣(t + 1) 
+ 

c′ 

t + 1 
→ 0, (K.70) 

where in the last step we have used 

‖T̂ ′1:α(t+1) 
z − T̂ ′1:αt 

z ‖1 ≤ 
1 

t + 1
‖T̂ ′1:αt 

z − T̂ ′αt:α(t+1) 
z ‖1 ≤ 

1 
t + 1 

, (K.71) 

as T̂z′ is a type of a training sequence, and c, c′ are positive constants. ◻
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Now by the finiteness of τ0 for every n, and the definition of τ0, there exists a finite τ0 with probability 
one such that 

Sτ0−1 < γ0,n(τ0 − 1), γ0,n(τ0) ≤ Sτ0 w.p.1. (K.72) 

Furthermore, for every τ0, we have  

Sτ0 

τ0 
= D(T̂τ0 

x ‖T̂τ0 
z ) − D(T̂τ0 

x ‖P1) + o(1). (K.73) 

Also, since by design τ0 ≥ n, using the WLLN, and the continuous mapping theorem, as n → ∞, we  
get 

Sτ0 

τ0 

p−→ D(P0‖P1), 
Sτ0−1 
τ0 − 1 

p−→ D(P0‖P1). (K.74) 

Therefore, by Lemma K.1, Lemma K.2, and (K.72), (K.74), we can conclude that 

γ0,n(τ0) 
τ0 

p−→ D(P0‖P1), (K.75) 

as n → ∞. Also, we have 

γ0,n(τ0) 
τ0 

= 
n 
τ0 

D(P0‖T̂ ′
z) + 

log(τ0 + 1) 
τ0 

, (K.76) 

and by assumtion maxx∈X 
P0(x) 
P1(x) ≤ c, D(P0‖T̂z′) is a consistent estimator of D(P0‖P1) [ 6], and hence, 

D(P0‖T̂ ′
z) 

p−→ D(P0‖P1). (K.77) 

Finally by ( K.75), (K.76), (K.77) and using continuous mapping theorem [33], we have 

τ0 
n 

p−→ 1, (K.78) 

as n → ∞. 
To show the convergence in L1, we only need to prove the uniform integrability of the sequence of 

random variables τ0 
n , where τ0 depends on n. Equivalently, we need to show that 

lim
t→∞ sup 

n≥1 
EP0

[
τ0 
n 
1
{τ0 

n 
≥ t

}]
= 0. (K.79)
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56 P. BOROUMAND AND A. GUILLÉN I FÀBREGAS 

By (K.40), we can upper bound the given expectation in (K.79) as  

EP0

[τ0 
n 
1
{
τ0 ≥ tn

}] = 
1 
n 

∞∑
m=1 

P0

[
τ0 − tn ≥ m

]
(K.80) 

≤ 
1 
n 

te−n(tE0−ξ0) 
∞∑

m=0 
c(m + tn + 1)

4
∣∣X ∣∣

e−mE0 . (K.81) 

Hence the expectation is vanishing as t → ∞  for every n giving the uniform integrability of τ0 
n , and 

hence convergence in L1 [ 2], i.e. 

lim
n→∞ 

EP0

[∣∣τ0 
n 

− 1
∣∣∣] = 0. (K.82) 

Finally, we prove the convergence of τ . By (  K.38), (K.75) and the union bound, we obtain 

P0

[∣∣τ 
n 

− 1
∣∣∣ ≥ ε

]
≤ P0

[∣∣τ 
n 

− 1
∣∣∣ ≥ ε, φ = 0

]
+ P0[φ = 1] (K.83) 

= P0

[∣∣∣∣τ0 
n 

− 1
∣∣∣∣ ≥ ε

]
+ ε0, (K.84) 

which tends to 0 as n → ∞, establishing the convergence of τ 
n in probability. Now, using that τ ≤ τ0, 

we have 

EP0

[
τ 
n 
1

{
τ 
n 

≥ t

}]
≤ EP0

[
τ0 
n 
1

{
τ0 
n 

≥ t
}]

. (K.85) 

Therefore, uniform integrability of τ0 gives the uniform integrability of τ , and hence convergence in L1 

norm and also expectation of τ 
n , which concludes the proof. 

L. Proof of Theorem 5.3 

For the type-II error exponent, the converse for sequential hypothesis testing is applicable, i.e. for every 
sequential test with EP0 [τ ] ≤ n, we have  E1 ≤ D(P0‖P1) [32]. In order to find an upper bound to E0, 
we use the following lemma. 

LEMMA L.1 For any type-based sequential test Φseq, let  τ ∈ N ε 
1 , where N ε 

1 = {1, ..., t} is the typical 
stopping time set such that 

P1(τ ∈ N ε 
1 ) ≥ 1 − 

ε 
2 

. (L.1)
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UNIVERSAL NEYMAN–PEARSON CLASSIFICATION 57 

Also for every t, let  (xt, zαt) ∈ B ε 
t where 

B ε 
t = 

⎧⎨ 

⎩(xt, zαt) : max 
a∈X

{∣∣T̂x(a) − T̂z(a)
∣∣} ≤

√
2 

(α ∧ 1)t 
log 

8
∣∣X ∣∣
ε 

⎫⎬ 

⎭ . (L.2)  

Then for any type-based test (φ(T̂x, T̂z), τ)  such that for all distributions P1 ∈ P(X ), 

ε1

(
φ(xτ , zατ )

)
< ε, ε ∈

(
0, 

1 
2

)
, (L.3)  

we have 

P

[
φ(xτ , zατ ) = 1, (xτ , zατ ) ∈ B ε 

τ , τ ∈ N ε 
1

]
≥ 1 − 2ε. (L.4)  

Proof. We prove the lemma by contradiction. Assume 

P

[
φ(xτ , zατ ) = 1, (xτ , zατ ) ∈ B ε 

τ , τ ∈ N ε 
1

]
< 1 − 2ε. (L.5)  

Then, 

2ε <  P
[
φ(xτ , zατ ) ⁄= 1 ∪ (xτ , zατ ) /∈ B ε 

τ ∪ τ /∈ N ε 
1

]
(L.6) 

≤ P
[
φ(xτ , zατ ) ⁄= 1

]
+ P

[
(xτ , zατ ) /∈ B ε 

τ

]
+ P

[
τ /∈ N ε 

1

]
(L.7) 

≤ ε1 + 
ε 
4 

+ 
ε 
4 

+ 
ε 
2 

, (L.8)  

where in the last step we used Lemma J.1. Hence, ε ≤ ε1 which is a contradiction and hence (L.4) 
holds. ◻ 

By Lemma L.1, we can conclude that if condition (L.4) does not hold, there exists a distribution P1 
such that the type-II error probability is bounded away from zero and hence the type-II error exponent 
of such test equals to zero. Therefore, by (L.4), we can lower bound the ε0 for any test with non-zero E1 
as 

ε0 = P[φ(xτ , zατ ) = 1] (L.9) 

≥ P
[
φ(xτ , zατ ) = 1, (xτ , zατ ) ∈ B ε 

τ , τ ∈ N ε 
1

]
(L.10) 

= P
[
φ(xτ , zατ ) = 1

∣∣(xτ , zατ ) ∈ B ε 
τ , τ ∈ N1

]
P

[
(xτ , zατ ) ∈ B ε 

τ , τ ∈ N1

]
. (L.11) 
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By the previous lemma, we can lower bound the first probability by 1 − 2ε. Also, let ε to be sufficiently 
small, such that n ∈ N ε 

1 = {1, ..., N}, then by the method of types 

ε0 ≥(1 − 2ε) 
N∑

t=1 
P

[
(xτ , zατ ) ∈ B ε 

τ

∣∣∣τ = t
]
P0[τ = t] (L.12) 

≥(1 − 2ε) 
n∑

t=1 
(t + 1)

−
∣∣X ∣∣

(αt + 1)
−
∣∣X ∣∣

e
−t min

(Q,Q1)∈B ε 
t 

D(Q‖P0)+αD(Q1‖P1) 
P0[τ = t] (L.13) 

≥(1 − 2ε)ce
−n min

(Q,Q1)∈B ε 
t 

D(Q‖P0)+αD(Q1‖P1) 
P0[τ ≤ n], (L.14) 

where c is a positive constant. Now by EP0 [τ ] ≤ n, the optimal test should stop by time n with positive 
probability, i.e. P0[τ ≤ n] > 0, since otherwise, EP0 [τ ] > n. Finally, by letting ε → 0, n → ∞, we  
have 

E0 ≤ D α 
1+α 

(P1‖P0). (L.15) 

Hence, for any sequential test with a finite stopping time, and the type-II error probability that is bounded 
away from one for every distribution P1, the type-I error exponent is bounded by D α 

1+α 
(P1‖P0), which 

concludes the proof. 
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