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Abstract—The detection and tracking of targets in aerial
imagery of cluttered urban environments is addressed. Polar
matching, using dual-tree complex wavelet transforms, is used
as a shift and rotation invariant detector. A particle filter is
employed to add robustness, especially in the event of target
occlusion. We show that, together, these methods can robustly
track a ground based target as it becomes both partially and
fully occluded.
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I. I NTRODUCTION
Cluttered urban environments can present difficult and interesting problems for automatic detection and tracking of ground
based targets with aerial imagery. As the location, bearing,
and azimuth of the sensor change, the image of the target
will appear to shift and rotate, and possibly change in scale.
In this context, it therefore makes sense that any successful
detection method must be invariant, or at least robust, to spatial
shifts, rotations, and scale variations. To this end, the descriptor and matching technique afforded by rotation-invariant
polar matching with dual-tree complex wavelet transforms
(DTCWT) recently developed by Kingsbury in 2006 [8] is
adapted here, to the task of detection.
Previous attempts to use wavelets to extract features have
been hampered by the difficulties of incorporating such invariances. Either the target must somehow be normalised
first, or the wavelet transform must be invariant to certain
transformations. In practice, normalisation can be difficult.
For translation, authors sometimes implement a variant of
the ‘spin-cycle’ method of Coifman and Donoho [3] whereby
extra training samples are created by shifting the original
ones. A more elegant method is to construct transforms which
are themselves invariant. The shiftable wavelet, introduced by
Simoncelli et al [18], satisfies a slightly weaker condition
than shift invariance but is less redundant than the spin cycle.
Introduced by Kingsbury [7], [17], the dual-tree complex
wavelet transform (DTCWT) is approximately shift invariant
and offers lower redundancy with greater computational efficiency. Moreover, Kingsbury discovered a recent extension

of the DTCWT, known as polar matching [8], that is also
approximately rotation invariant. Unlike the DTCWT rotation
invariant work of Hill et al [10], polar matching retains the
phase information of the complex coefficients and therefore
represents a richer descriptor. The output of the polar matching
method gives a detection confidence, or likelihood value, of
the target of interest for a specific position and orientation
within the video frame.
In cluttered urban environments, situations can arise where
objects, similar to the target, come into the field of view.
More seriously, the target may even become partially or fully
occluded from sensor view. It is prudent, therefore, to temper
the descriptor with some kind of dynamic model or tracking
method. Various approaches have been proposed to tackle the
problem of target tracking ranging from Kalman filters to nonlinear extensions, such as joint probabilistic data association
filters [1] [2]. With recent developments in optimal nonlinear techniques, especially particle filters [6] [4], and Markov
Chain Monte Carlo (MCMC) methods [5] [16], it is now
possible to consider exploitation of other information, such as
non-linear measurement processes, which can give significant
performance gains.
In the following, we will discuss how the detection output of
the polar matching method can be used with a tracking filter
to provide smooth estimates of the target position. Optimal
linear filters such as the Kalman filter may not work well in
this scenario. One reason is due to the non-linear measurement
process of the imaging sensor and the polar matching method.
Another reason is that the posterior distribution is likely to be
multi-modal due to the cluttered nature of the video data. To
overcome these issues, we have designed a particle filter to
perform the tracking.
II. P OLAR MATCHING
Extending his work on the shift-invariant dual-tree complex wavelet transform [7], Kingsbury recently introduced the
rotation-invariant polar matching method [8]. Owing to low
redundancy, the DTCWT descriptor is more efficient than the
existing popular scale- and rotation-invariant method of SIFT
[14]. It is adapted here to provide image matching between a
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Figure 1.
Locations and orientations of the DTCWT coefficients. Each
orientation describes a coefficient, or conjugate, of one of the six subbands.
The column numbers indicate the column of the P-matrix in which the
coefficients are placed, and the numbers displayed around each circle indicate
the row of the P-matrix that each coefficient is placed. Taken from [8].
Template

Level 2

will result in a response curve, with respect to relative rotation
angle, and a maximum at n.
However, the rotational sensitivity can be increased to 7.5◦
via careful band-limited interpolation. This is achieved by
performing the correlation as a product in the Fourier domain
and zero padding. Care should be taken here. The first column
of a P-matrix, formed about the centre of a single step edge
will vary slowly as the the edge is rotated. Columns 2 and 7
will vary quicker, 3 and 6 quicker still and 4 and 5 quickest
of all. Hence, the zeros must be placed according to Pmatrix column. Coefficients obtained from other scales can be
added by appending them as extra columns to the P-matrix.
Hence, this polar matching technique takes the property of
shift invariance from the DTCWT, and rotation invariance
from the P-matrix construction.
Let PA (r0 ) ∈ CM ×N be the column-wise Fourier
transform of the P-matrix taken about some point r0 =
(x0 , y0 ). Furthermore, denote the (m, n)th element by
am,n (r0 ), and the column vector a = a(r0 ) ∈ CM N as
T
[a1,1 , . . . , aM,1 , a1,2 , . . . , aM,2 , . . . aM,N ] , and write A =
M N ×M N
diag(a) ∈ C
. Likewise, let b = b(r) ∈ CM N , B =
diag(b) be the coefficients in the P-matrix of a test image
taken at r. Together, the inverse Fourier transform and zero
padding can be described as a matrix operator W. Let wkT
be the kth row vector of W and Wk = diag(wk ). Then, the
polar matching operation at the angle θk can be written as
¡

Level 3

Level 4

Level 5

Figure 2. DTCWT coefficients of a template. The white dots indicate the
locations of the coefficients that are used in the P-matrix template. Four
different scales, or levels, are used. Only one of one of the 6 subbands is
shown.

small template and a larger image rather than matching keypoints of two similarly sized images, as previously reported.
A. Methodology
Kingsbury’s method proceeds by firstly computing the
DTCWT coefficients of a template. The centre of the target
is located manually and the complex wavelet coefficients at
this point are stored. Coefficients are also taken around one or
more circles, about the centre point, at 30 degree increments
and at multiple scales. As Figure 1 illustrates, the coefficients
are then arranged into a polar matching matrix (P-matrix) such
that a rotation of k × 30◦ in the original image will manifest a
vertical shift by k rows in the P-matrix. Consider two images,
one a 30n◦ rotated version of the other; then a sum of columnwise correlations between the two corresponding P-matrices

¢
<wkT A∗ b
,
A ? B (θk ) =
kak kbk

(1)

where the superscript ∗ is complex conjugation, and the real
component < is taken to return the correlation intensity. Now,
consider the result of performing polar matching using a Pmatrix template PA and a neighbourhood of candidate pmatrices PB (r), taken over all r in some region, namely
¡
¢
<wkT A∗ b(r)
A ? B(r) (θk ) =
.
kak kb(r)k

(2)

The result is a correlation surface defined over R2 × [0, 2π)
and the point
¡
¢
(r̂, θ̂) = argmax A ? B(r) (θk )
(3)
(r,θk )

gives the location r̂ and orientation θ̂ of the closest match
between the template and candidates.
B. Fusion
In the application considered here, RGB colour data is
available. Consequently, a decision must be made as to when
to fuse information obtained from each respective channel.
The most simple low level fusion involves forming a weighted
linear sum of the different channels before applying polar
matching. Denoting each channel by a subscript m or n, polar
matching with linear low level fusion is akin to computing
X
X
X
αm αn (Am ? Bn ) . (4)
αm A∗m
αn bn =
wk
m

n

m,n

Here, each weighted channel of the template is matched
with all the weighted channels of the test image. This may
not be deemed appropriate, especially if each channel are
of significantly different modalities or uncorrelated. On the
other hand, a basic high level fusion strategy would be to
take a weighted sum of the individual channel-by-channel
correlations:
X
X
γm A∗m bm =
wk
γm (Am ? Bm ) ,
(5)
m

m

so that, for example, only the red channel of the template gets
correlated with the red channel of the test image. Note that this
is equivalent to simply concatenating the P-matrix columns
from each channel together. For this reason, we favour the
high level fusion approach. The weights γm , are set to
γm =

1
kak kb(r)k

∀m,

Figure 3. The image sequence comprises at least two main challenges. The
top three snapshots show the targeted red car as it passes through a thick cloud
of black tyre smoke. The bottom three show the target becoming partially
occluded by a building.

(6)

where the a and b are concatenations of the separate channels. Holding γm constant for all channels ensures that any
differences in the influence of wavelet coefficients between
channels are preserved. It is equivalent to forming one single
P-matrix by appending the columns of extra channels.
III. T RACKING AND R EACQUISITION
In the interests of robustness and in the event of clutter
and possible occlusion, it is necessary to combine the polar
matching detector with a motion model. Two approaches will
be discussed below. A simple windowed search, or maximum
likelihood method is considered as a base-line method. This
will be compared to the behaviour of a particle filter approach.
In both methods, a template P-matrix is formed, centred on
the target of interest. A search for the target in an image frame
is conducted by forming P-matrices from each search point.
At each point a score is then computed by correlating the
columns of the P-matrix template, stored in a database, with
those of the candidate, and summing the result to produce a
stack of correlation surfaces, with respect to location (x, y),
and orientation θ. The windowed search method proceeds by
forming a window, or neighbourhood, centred about the last
known position of the target. For each time frame t, correlation
scores Ct (x, y; θ) are then computed at every point in this
window. Finally, the maximum score with respect to (x, y)
is taken as the new target location, and the maximum with
respect to θ is the target orientation, relative to the original
template.
The data considered here, provided via the Defence Technology Centre, is a high definition synthetic image sequence,
constructed to simulate a potential real world military image
processing scenario. Two salient challenges of the data are
highlighted in Figure 3. In the first example, it can be seen
that the target passes through thick, black smoke. At first, the
target is partially obscured by the edge of the smoke cloud,
then it becomes totally occluded for a short period of time,
before it gradually emerges at the other side. In the second
example, the target becomes partially occluded as it passes

by a wall and building. It is important, therefore, not only to
design a method that is robust to these events but also one that
is accurate when such problems are absent.
A. Baseline method
Before we discuss how particle filtering can be used to
overcome such challenges, we describe the following simple
heuristic to address the partial and full occlusion problem.
for t do
S
Compute Ct over neighbourhood Nt−1 Θt−1
(xt , yt ; θt ) ← argmax Ct (x, y, θ)
if max Ct > threshold then
Nt ← small neighbourhood of (xt , yt )
Θt ← small neighbourhood of θt
else
Nt ← large neighbourhood of (xt−1 − xt−2 , yt−1 − yt−2 )
Θt ← [−π, π)

end if
t←t+1
end for
If the best correlation score is higher than the threshold
parameter, the next window will be centred about the location
of the best score and the set of orientation angles is restricted
to an interval about the best orientation. If the score falls
below the threshold value, the next window will be doubled
in size and centred about the extrapolation of the previous
two windows. This heuristic tool allows the target to become,
temporarily, partially or fully occluded. Figure 4 shows a
sequence of frames and the resulting correlation scores as
the target passes into, through, and out, full occlusion. The
problem here is that the choice of the threshold can be
critical. If it is set too high, then the legitimate target may
be ignored. The longer this happens, the more out of date that
the extrapolation becomes and the more likely the target will
be lost. On the other hand, if the threshold is set too low then,
when the target becomes occluded, other nearby objects will
register a higher score, and the algorithm will begin to follow
false positives. Both of these types of error are fatal.

Frame 203

Frame 204

Frame 213

Frame 220

Frame 224

Frame 225

Confidence

1

0.5

0

50

100

150

200

250

300

350

400

450

Frame
Figure 4. Frame 203: Correlation score close to decreasing below threshold value; 204: threshold breached, search window extended, and extrapolation
invoked; 213: full occlusion; 220: score increases and approaches threshold; 224: score becomes greater than threshold and target is reacquire; 225 window
narrows and extrapolation terminated.

B. Bayesian Filtering
A probabilistic framework for the video tracking problem is
required to model the real world coordinates (x, y), velocity
(ẋ, ẏ), and orientation θ of the target. Furthermore, since
the target of interest might be fully or partially occluded
due to buildings or smoke etc., a variable V is introduced
to model visibility. The joint state at time t is given by
Xt = [x ẋ y ẏ θ V ]. Assuming a Markov state transition,
the standard state update and prediction equations are given
by
p(zt |Xt )p(Xt |Z1:t−1 )
p(Xt |Z1:t ) =
,
(7)
p(zt |Z1:t−1 )
with
p(Xt |Z1:t−1 ) =

Z
p(Xt |Xt−1 )p(Xt−1 |Z1:t−1 ) dXt−1

(8)

and where Z1:t = [z1 · · · zm · · · zt ] and zm describe all the
observations collected at time m.
C. Dynamical Models
We write the transition probability model p(Xt |Xt−1 ) as
p(Xt |Xt−1 ) = p(St |St−1 )p(θt |θt−1 )p(Vt |Vt−1 ),

(9)

where St = [x ẋ y ẏ], θt and Vt are modeled to be
independent of each other. Although the orientation Vt is
partially dependent on the target position and velocity St and
St−1 , we forgo this restriction in favour of simplicity. For the
target dynamic, we will use the discrete time equivalent of the
near constant velocity model [12], given by
St

=

F

=

F × St−1 + wt

1 T 0 0
 0 1 0 0

 0 0 1 T
0 0 0 1






(10)
(11)

where wt is a Gaussian noise with Qw covariance given by
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That is St |St−1 ∼ N (F St−1 , Qw ). At time t, the orientation
θt models the orientation of the target, with respect to the
original template. This provides us with the flexibility to track
changes in the image plane as the vehicle rotates in plane. This

is modeled as a random walk, θt |θt−1 ∼ N (θt−1 , Sθ ). The
visibility variable Vt determines if the target is visible, or if it is
temporarily obscured by smoke or walls. This affects the way
the likelihood term p(zt |Xt ) is estimated. The target visibility
variable will be modeled as the discrete Markov chain
p(Vt = 0|Vt−1 = 1)
p(Vt = 1|Vt−1 = 0)

=
=

PN V ,
PV .

(13)
(14)

D. Observation Model
The observation model includes a non-linear mapping H(·)
from real world coordinates to the sensor image plane. It must
also accommodate events where the target is partially or fully
occluded from the sensor view. We have
½
exp(k × Π(H(xt , yt ), θt )) if Vt = 1;
(15)
p(zt |Xt ) =
exp(N Vc )
Otherwise.
Here, k is scaling factor, Π is the output of the polar matching
function, and N Vc is chosen such that it is, on average,
higher than the background correlation score compared with
the image template, but much less than the self correlation
score of the image template. This gives the tracking algorithm
the ability to switch to an occluded state. The exponential form
of the likelihood term is used because it gives more emphasis
on the larger values of the correlation function Π. Other forms
were also attempted, such as flooring the negative correlation
score to zero. Other, potentially better forms of the likelihood
functions in the presence of noise, is discussed in [15] but this
is the subject of further work.
E. Particles Filter Algorithm
The filtering distribution of the dynamical and observations
probability model above is complex and non-linear. Sequential
Monte Carlo methods such as particle filters can be used
to compute the inference. The key idea is to represent the
required posterior density function by a set of random samples
(or particles) with associated weights and to compute estimates
based on these samples and weights. These particles are then
propagated through time to give predictions of the posterior
distribution function at future time steps. As the number of
samples becomes very large, this monte-carlo characterisation
becomes an equivalent representation to the usual functional
description of the posterior density function. Consider
wt,p = wt−1,p ×

p(zt |Xt,p )p(Xt,p |Xt−1,p )
,
q(Xt,p |Xt−1,p , zt )

(16)

then the posterior filtered density is approximated by
p(Xt |Z1:t ) ≈

N
X

wt,p δ(Xt − Xt,p ).

(17)

p=1

The choice of the importance density q(Xt,p |Xt−1,p , zt ) is
one of the most important issues in particle filter design.
It can be shown that the optimal importance density, in the
sense of minimising the variance of the importance weights,
conditioned upon Xt−1,p and zt , is p(Xt,p |Xt−1,p , zt ) [4].
There are other suboptimal choices. One of the most popular

uses the prior model density p(Xt,p |Xt−1,p ). When substituted
into equation 16, we obtain
wt,p = wt−1,p × p(zt |Xt,p ).

(18)

The simple and general algorithm above forms the basis of
most particle filters. It will, however, cause the variance of
the importance weights to increase over time [4]. This will
adversely affect the accuracy and lead to the degeneracy
problem where, after a certain number of recursive steps,
all but one particle will have negligible normalised weights.
Consequently, this will result in a large computational effort
to update particles whose contribution to the approximation of
p(st |Zt ) is almost zero. A practical measure of the degeneracy
of the particle weights is the effective sample size Nef f ,
introduced in [11], namely
ÃN
!−1
X
2
N̂ef f =
wt,p
.
(19)
p=1

It is easy to see that 1 ≤ Nef f ≤ N . A small Nef f indicates
a degeneracy problem. When a degeneracy problem occurs
(for example when Nef f drops below some threshold Nthr )
a resampling step [6] has to be performed. Resampling eliminates samples with low weights and multiplies samples with
high importance weights. This involves mapping a random
1 N
measure {St,p , wt,p }N
p=1 into a random measure {St,p , N }p=1
with uniform weights. There are several methods available for
doing the remapping. The first introduction of resampling [6]
was based on a simple random sampling of the particles with
respect to the weights. However, a complete random selection
is not necessary and it increases the Monte Carlo variation of
the particles. Other methods such as stratified sampling [9] and
residual sampling [13] may be applied. Systematic resampling
[9] is another efficient method. It is simple to implement, it has
a computational complexity of O(N ), and it minimises the MC
variation. As such, we make use of the Sampling-Importance
Sampling-Resampling (SIR) filter to perform the inference and
use the prior p(Xt |Xt−1 ) as the importance function.
IV. S IMULATIONS AND R ESULTS
The maximum likelihood and particle filter methods were
applied to a synthetic sequence of aerial imagery, provided
by the Defence Technology Centre. The maximum likelihood
confidence threshold was set to 0.7, and the particle tracking
parameters are given in Table I. Figure 6 shows a time series
plot of the error kr − r̂k2 between the estimated r, and true
r̂, position. It also shows how the confidence of the maximum
likelihood, and visibility of the particle filter vary over the
image sequence. The two methods result in similar performance. The small error spikes in the particle filter method
occur as the posterior distribution stretches or splits into two
modes to account for uncertainty in the position of the target.
However, the particle filter does seem to be more reliable in
the event of total occlusion by smoke, around frame 210, and
partial occlusion by buildings, around frame 320. The scatter
plot in 7 shows error with respect to confidence/visibility for
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Figure 5. A sequential series of frames showing the distribution of particles (in red) and estimated track (in green) as the target enters and emerges from
the thick smoke occlusion. The posterior distribution of the vehicle’s position increases significantly as it enters the occlusion.

Algorithm Parameter
Time interval between
measurements
Number of Particles
Motion variance
Likelihood Scale
Probability of becoming
occluded
Probability of becoming
visible
Liklihood Constant (when
occluded)

Symbol
T

1
30

Value
seconds

Sx , Sy
k
PN V

300
1600
5
0.1

PV

0.25

N VC

0.2

Table I
T RACKING PARAMETERS FOR PARTICLE F ILTER

the maximum likelihood and particle filter methods. Ideally,
the points should approximate some kind of monotonically
decreasing function. As can be seen, the particle filter follows
this ideal better than the maximum likelihood method. Figure 5
shows the distribution of the particles as the vehicle enters and
emerges from the smoke occlusion. The posterior distribution

of the vehicle’s position increases significantly as it becomes
occluded from view.
While the windowed ML search is capable of finding very
good position, it is very sensitive to the threshold value. This
has to be tuned carefully in order to achieve good results.
The particle filter tracker is more robust to local modes of the
correlation surfaces of the polar matching algorithm. When
the target becomes partially occluded by buildings the particle
cloud bifurcates. This implies the presence of two possible
modes in the posterior distribution of the target position.
The particle cloud subsequently converges back to the true
target after a few video frames. That is, when the target and
occluding object separate, the moving target is a more likely
scenario than a static building. This also explains the small
spikes in the error in Figure 6 as the posterior distribution
stretches or splits into two modes to account for uncertainty
in the position of the target.
V. C ONCLUSION
In this paper, we have shown that the combination of the
rotation invariant dual-tree complex wavelet polar matching
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Figure 6. Error and confidence/visibility for the maximum likelihood and
particle filter methods for each frame in the image sequence. The two methods
result in similar performance. The spikes in the particle filter method occur
as the posterior distribution stretches or splits into two modes to account for
uncertainty in the position of the target. However, the particle filter does seem
to be more reliable in the event of total occlusion by smoke, around frame
210, and partial occlusion by buildings, around frame 320.
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Figure 7. Scatter plot of error against confidence/visibility for the maximum
likelihood and particle filter methods.

descriptor and the particle filter can be an effective approach
to detect and track ground based targets from aerial sensor
data. Polar matching offers target detection confidence scores
for each position and orientation to the particle filter. The
dynamic model provided by the particle filter then enhances
the robustness of the polar matching and detection.
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