Current—voltage characteristics of nonplanar cold field emitters
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Conventional Fowler—Nordheim theory assumes that the emitter is planar, while most tips used in
practice have curved emitting surfaces. Using a revised potential distribution, standard image theory
and a dimensionless parametemwe express the experimental current as a mulpbd the current
calculated using standard free-electron supply. A ploiz@k) for one carbon emitter shows a
maximum at a value ok corresponding to the known emitter radius. The calculated field strength

at the emitter surface varies little with The values found fotr are sensitive to the accuracy of
calculation and, to test the theory further, it is desirable both to improve the modelling of image
effects and to obtain measurements of current—voltage characteristics and emitting radii together for
more types of emitter. €003 American Vacuum SocietyDOI: 10.1116/1.1591748

I. INTRODUCTION form shown in Eq(1), over all values of. The constants are

determined by the boundary conditions. If the emitter surface
p&onsisted of a perfect cone of semianglewith the origin of
coordinates taken as the apex of this cone, then it would be
possible to use only those valuesiofor which

Conventional Fowler—NordheirtFN) theory for a planar
surface does not represent accurately the experimental
havior of single cold field emitters. For example, when an
amorphous carbon tip was considefethe work function
deduced from the FN plot by planar theory was 66% of the P,(cogm—a))=0. )
value measured by Kelvin probe microscopy. Also the emit-
ter radius deduced from the intercept of the same plot wadhis condition makes the potential zero at all values oh
about 260% of the value measured by scanning electron mthe conical surface. Hence if such a surface is defined to
croscopy. coincide with the shank of a real emitter, it cannot give a

We therefore looked for modifications of the establishedgood model of the potential on the axis near the real emitting
theory to give a better description of real emitters. There aréurface.
many ways in which the simple theory might be improved to  Ideally, we wish to ensure that the potential is constant
provide a more accurate model of their behavior. One obviover a shape fitting the surface of an emitter, by choice of all
ous weakness of the known theory is that it applies to planaf, andB,,. A way of achieving this was described by Dyke
surfaces, while most field emitting surfaces used in practic&@nd Dolarf, who considered the union of two conducting
are curved, typically with a radius of curvature between 1 nnvolumes: a cone of semiangte and a sphere of radius
and 1um. Here we consider the emission calculated from acentered at the apex of the cone. A potential that is constant
potential distribution typical of a spherical surface supportedver the surface of this structure is, subject to condit@n
on a tapered shank. We require a model for the potential
which is accurate in the barrier region, that is within a dis-  4=a
tance of the order of 1 nm from the emitter surface.
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The form of the zero equipotential of this “core structure”
[I. POTENTIAL IN THE BARRIER REGION (r=a or #= «) is unlikely to be used for an emitter in prac-
tice, but some of the other equipotentials generated outside
this structure do resemble typical shapes of practical emit-
A solution to Laplace’s equation for the potentialin a  ters. Hence, in principle, the potential given by E®) is
rotationally symmetric system can be obtained in sphericalisable to model emission. The valuesacind v needed for

A. Analytical models of potential

coordinates as this model differ from those for the hemispherical cap and
v —v-1 shank of the real emitter, and the relation between them has
¢>=(AV 2 +B, a ) P,(cosb), (1)  to be found for each shape of emitter; also since the value of

vis likely to be between 0 and 0.B,, is only available as an

whereP , represents a Legendre polynomial of degreand infinite sum, not a polynomial. Thus in practice appreciable

a, A,, andB,, are constants. The general solution consists oEomputation is needed to use relati@ directly. In view of

a sum or integral of products of functions ofand 6, of the  this, we decided to seek simpler functionsrofind 6 that
would provide acceptable approximations ¢owithin the

dElectronic mail: cjel@cam.ac.uk barrier region.
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Fic. 3. Calculated variation of field strength at the surface of a curved
emitter, with angle from the axis.

B. Approximation for potential near the emitter

As in earlier computatiortsof field enhancement factor,
we modeled the emitter as a spherical cap of physical radiugnr=a,
a, supported on a.con.lcal shank of total Iengtranq semi- dl gr ~F o cog 612),
anglea, as shown in Fig. 1. From the computed distribution
of potential, we calculated== d¢/dr, the negative of the WhereF is the value ofF atr=a on the axis.
radial electric field, on the axis#0), as a function of When the general solution fap is expressed in the form
distancer from the center of curvature of the emitter, as
shown in Fig. 2. This plot shows that the radial field on the ¢=_2>, R,(r)®,(6),
axis of a curved emitter is not constant, as is assumed when ’
planar theory is applied. Instead it falls off approximately asthen the corresponding expression Foiis
(alr)?, wherea is the radius of curvature of the emitting
surface. F=2, (dR,/dr)0 ().
We also examined the dependenceFofat the emitter v
surface on angl® to the axis, as shown in Fig. 3. It can be |n general R, anddR,/dr are different functions of, and
seen that, over the range<70°, F/F, can be fitted approxi- so ¢ andF can be expected to vary differently with How-
mately by co9/2. This result agrees with a calculation of ever, if ¢ is represented’ accurate|y or approximatew, by a

Dyke and D0|al’?, as shown in their Fig. 7 for their emitter Sing|e product of functions af and 6, thend) andly(ﬁ/&r are
shapeB, which is very similar to our sphere-on-cone model. given by

Thus we have, over the limited rangesroénd 6 that are of
interest for calculating emission ¢=R(1)O(0), dplor=(oRIIr)O(0).
on =0, Hence wheng can be represented by a single product of
dlar ~Fo(alr)? functions ofr and of 6, then ¢ and d¢/dr have the same
dependence oH.
From the dependence @f¢/dr on 6 at r=a as found
above,®(6)=cosd/2. Also from the dependence étp/or

d¢/dr (on axis) vs. r/a onr at §=0, JR/Jr=F(al/r)2. Hence we can obtaiR(r)
21.8 T ‘, by integratingF,(a/r)? with respect ta, subject to the con-
21.6 \ \ dition thatR is to be zero om=a. The resulting expression
' \\ ’d¢/dr oc 1/2%(riay "2+ (3/2)*(r/a)'5’2—‘ for ¢ is
= 214 ~— )
S SN a
S 21.2 é(r,0)=akFo| 1— ;) cos6/2, 4
=
- 21.0 Jo/dr computed where F is the magnitude of field strength at the emitter
20.8 6 ‘Co e surface, on the axis. Sinée=F, cos6/2, Eq.(4) can also be
written as
20.6 i :
a
0 0.1 0.2 03 0.4 05 B(r,0)=aF| 1- _)
Ln (r/a) r
Fic. 2. Calculated variation of radial field on the axis of a curved emitter,@Nd this form will be used where it is not necessary to show
with distance from the center of curvature. the dependence ofiexplicitly.
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C. Image potential current density with angjeandc, andc, are standard con-

stants. The function$(x,q) andw(f) are defined by

1 2 1 1/2
- +—-——]|| dp,
q(pz—l p pz” P

The image potential was approximated by that of an elec
tron of charge— e near a sphere of radiws(coinciding with
the spherical part of the emitter surfacAdditional charge f(x,q)= § f”z
was included at the center of the sphere to keep the total 2 Jp,
induced charge equal to that of the electron. The image

p

1--11
X

1( 1

charges used were thusea/r at radiusa®/r, and +e(1 of of
—alr) at the center of curvature, giving an image potential W(f )= f(X,Q)+2X(9—X—2q% 3x.
e r? 1 2a a?
¢m:8ws0a 22 + T2l The limits p; and p, are values ofp, greater than unity, at

which the integrand is zero.

The ratiof/x is used in place of the function(y) used in
earlier theory; likewisew(x,q) replacest(y). The product
The total potential energy used was thus (Fox) does not depend dfy, so the exponent in E@5) can

a a > a also be written a§— c,ae W?f(x,q)].
1- F) —Waq(r—z_—az+ T2 The factoro has been included explicitly in Eq5) to
show the relation between experimental current and that de-
[ coq 6/2) ( 1) ( 1 2 1 ” duced using the free-electron supply function. Its value for a
= R — — q ,

D. Total potential

V(r,0)=W-aeF

= - 21 t-—= particular experiment can be estimatedAf a, andF, are
X p p p P
) ) known. However, often the values of one or more of these
whereW is the work function of the surface,
\W r
X: —_— = —
aek,’ P=a
and
j— e2 ] |
a= 8megaW’ .

Ill. TOTAL EMITTED CURRENT e cEEay |
With these approximations, and after integrating over —5.0 evi
the total emitted current can be writter*4s ---45eV
et i
| oQa’c;F§ p[—czwwf(x,q) © |
= ex .
WwA(T) Fox 02 03 04
Here o is the ratio of experimental current to that calculated X
from the free-electron supply functio) is the effective
solid angle of emissiowhich accounts for the variation of Fic. 5. o as a function of for three values of work functiokV.
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Fic. 6. o as a function o for three multiples ofy found by iteration.

parameters is not known, and the question arises: within
what rangés) can values ofo and the other parameters be

determined from the experimental results ? Fic. 8. Detail of tip of nanotube studied by Frangémmm Ref. 6.

IV. PROBLEM OF EXTRACTION OF PARAMETERS In addition to calculatingr, a, andF as functions ok,
FROM /-V RESULTS (WHEN W, a OR Fy we have investigated the sensitivity of these calculations to
IS UNKNOWN) variations inW andq.

The theory given above includes the radius of curvature The functionsf and w were evaluated numerically for
of the emitter, and so has one parameter more than the plangiven values of, with iteration forg. It was found neces-
theory. If more than two parameters are unknown they cansary to evaluatd with great accuracy, both to keep the cal-
not be evaluated directly from the slope and intercept of th&ulation ofw accurate and to ensure consistent convergence.
conventional FN plot using the relations above. However, wex  amorphous carbon tip— o, field strength,
can use a pair of experimental values of the FN slope andnd radius of curvature
intercept, together with the mid-range anode voltage and the
known or assumed work function, to fing a, andF as
functions of the dimensionless parametdwith iteration for
the value ofg). Then if any one ob, a, or Fq is known, the ; .
others can also be found. remains W|th|n a much smaller range. _

We have investigated this calculation using data for two 1€ Maximuma for the amorphous carbon tip occurs at

emitters for which some information was known about thexzo'l& for WhiCh the calculated tip radius is 4.8 nm. This
radii of curvature. These emitters wer@ an amorphous agrees well with the measured value of 505 nm. The

carbon tip made by Antognozet al® usinge-beam deposi- 90°d agreement suggests that the maximurar ofight con-

tion and(b) a carbon nanotube with current—voltade-Y) veniently be used to indicate the valuexoforresponding to

characteristic as shown in Fig. 6.3 of the thesis by Frafsen{N€ €xperimental value ai. However, in this case the cal-

We also calculated results fée) a pointed tungsten emitter Cculated value ot at its maximum exceeds 1, implying that
with 1—V characteristics shown as Fig. 6.7 of the thesis b>}he current available exceeds that from the free-electron

Results foro, a, andFg as functions ofx for an amor-
phous carbon tip are shown in Fig. 4. The calculated emitter
radiusa falls rapidly asx increases, but the field strendtl

Jamed. model. It seems possible that the free-electron density may
be exceeded if there is an appreciable density of surface
states. It is clearly desirable to compare radii calculated in

10 . this way with measured values, for other emitters of known
o ! dimensions.
(log
scale)) = | __..-n--- Pammen. 1. Variation of o with W
1 Lo N T Figure 5 shows the effect om of varying W, using data
’ | I N for the amorphous carbon tip. The valuexoht which o is
g ] ! maximum varies by less than 0.005 for the change of
0.1 P T BhET BRI +0.5 eV in work function.
| = = = Amorphous C | h
f poly-W
0.01 4 Lo C Nanotube ‘ 2. Variation of o with q
’ 0 01 0‘2 03 04 The effect ono of varying the image parametgr using
) ’ ) x = data for the amorphous carbon tip, is shown in Fig. 6. The
Fic. 7. o as a function ok for three emitters. value ofx at whicho is maximum varies by less than 0.005
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for the change of- 10% inq. However, the value of atthe  of the image potential of the order of 10% is thus a possible
maximum varies by a factor of about 1.5. The calculation ofreason why the experimental value of supply function
o is thus sensitive to the accuracy of estimation of the imagelensity of statdsappears to exceed the free-electron value,

potential. in this amorphous carbon emitter. A better model for the
image potential is desirable.
V. COMPARISON OF EMITTERS To determine further how useful the technique outlined

here may be for extracting information from FN plots, it is
o) as functions ok. By considering the form oé from Eq. desirable to obtain measurements of bothlth® character-

(5), it can be seen that the shape of the curve plotted is thastic a_nd emitter radius togethgr, for individual tips, of both
of a function likex? exg(constant)af(x,q)]; asx increases, Metallic and other types of emitter.

a decreases so the curve passes through a maximum. The

smaller the radius of the experimental emitter is, the greate'?‘cK'\'OWLEDGMENTS

will be the value ofx at which the maximum occurs. This continuing study was stimulated by the experimental

The two forms of carbon yield graphs of very similar work of Professor U. Valdrand has benefited from discus-
shapes. This suggests that the emitters tested have similsion with him, Dr. R. G. Forbes, and Professor L. M. Brown.
radii of curvature. The maximum values of differ by a
factor of about 14. This appears to indicate that the midAPPENDIX: APPROXIMATIONS FOR FUNCTIONS
range current drawn from the nanotube was smaller than that w AND Q
from the amorphous tip, at their respective anode voltages
by the same factor.

For the nanotube, the value af corresponding to the
maximum ofo is 5.4 nm, which is appreciably less than half
the measured diameter of 44 nm. That this small valuafor  f(X,00~x+4x%/5,
is possible can be seen from a micrograph of the end of the _
same nanotubéig. 8). The micrograph shows that the tip W(xX,q)=1+4x/3+2q/3x.
profile is not a smooth hemisphere, but is irregular and sén a still earlier article} an approximate expression for the
may indeed emit principally from a radius smaller than halfeffective angle was given. In that article, following Eg2),
the diameter. the relation containingg should have read

Fo=pVa.
When the effective angle is evaluated using the approxima-

tion for w(x,q) given above, the approximation becomes
ﬁgnoring terms of ordeq?)

Figure 7 showsr for three emittergusing a log scale for

' In an earlier articlé, certain approximations were given
for functions f and w. More accurate approximations for
smallx are now available, as follows:

VI. CONCLUSIONS

Conventional Fowler—NordheirtFN) theory for a planar
surface does not represent accurately the experimental b
havior of single cold field emitters with curved emitting sur-

faces. 4x0\2l  4q/3x%, 1 8xy/3
Using (1) an analytic approximation to the computed po- ~ {¥~87| 1+ T) T B6-9V. 5-9V. 4-9V

tential near the emitte(2) the image potential for a spherical 2 2 2

surface, and3) the free-electron density of states, and taking 16><(2)/9

into account(4) the variation of current density over the + 3-9Vv,

emitter, we have written the total current as a function of
parameter andq and the ratioo of the experimental and
theoretical values of current.
From experimental measurements of the current—voltage .
. P . . . 9 IC. J. Edgcombe and U. Valdr@hilos. Mag. B2, 987 (2002.
relation, o, the field str_engtrF an_d the emitter radiua can 2, P, Dyke and W. W. Dolan, Adv. Electron. Electron Phgs89 (1956.
be calculated as functions &f with g determined by itera-  3C. J. Edgcombe, Philos. Mag. &, 1009(2002).
tion. We find thatF increases slowly, and falls rapidly, as “C. J. Edgcombe, Ultramicroscop, 49 (2002.
% increases. In one case the ratichas a maximum at the 5M. Antognozzi, A. Sentimenti, and U. Valdréicrosc. Microanal. Mi-
) . : . } crostruct.8, 355(1997).
vaIu.e _Ofx corresponding to the ?Xpe”memal emitter radius, ey, FransenTowards High-Brightness, Monochromatic Electron Sources
but it is not yet clear whether this result occurs more gener- (Technical University, Delft, The Netherlands, 199Reprinted from
ally. Appl. Surf. Sci.146, M. J. Fransen, Th. L. van Rooy, and P. Kriteld

For these calculations, the image potential has been ob- ?urE::sSISS. Z?Z?g;’%”g:;ﬁgi{g’grg"ﬂ‘é’%ﬁ:ﬂﬁg‘;:ﬂ"r‘]""fﬂrﬁ ‘:E?;Z?/ir'e:‘ano'
tained from the image in a sphere whose surface coincideSe, m. Jamespevelopment and Characterisation of Advanced Field Emis-
with the emitting surface of the tip. This obviously does not sion Tips(Department of Physics, University of Cambridge, Cambridge,

account for the presence of the shank of the tip. Inaccuracy YK 1997.

In the same articlé, the graphs plotted in Fig. 3 show
2g(x,q) and approximations to it, naf (x,q) as stated.
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