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ABSTRACT

Over-the-horizon radar (OTHR) uses the refraction of high frequency radiation through the ionosphere in order
to detect targets beyond the line-of-sight. The complexities of the ionosphere can produce multipath propagation,
which may result in multiple resolved detections for a single target. When there are multipath detections, an
OTHR tracker will produce several spatially separated tracks for each target. Information conveying the state of
the ionosphere is required in order to determine the true location of the target and is available in the form of a
set of possible propagation paths, and a transformation from measured coordinates into ground coordinates for
each path. Since there is no a-priori information as to how many targets are in the surveillance region, or which
propagation path gave rise to which track, there is a joint target and propagation path association ambiguity
which must be resolved using the available track and ionospheric information.

The multipath track association problem has traditionally been solved using a multiple hypothesis technique,
but a shortcoming of this method is that the number of possible association hypotheses increases exponentially
with both the number of tracks and the number of possible propagation paths. This paper proposes an algorithm
based on a combinatorial optimisation method to solve the multipath track association problem. The association
is formulated as a two-dimensional assignment problem with additional constraints. The problem is then solved
using Lagrangian relaxation, which is a technique familiar in the tracking literature for the multidimensional
assignment problem arising in data association. It is argued that due to a fundamental property of relaxations
convergence cannot be guaranteed for this problem. However, results show that a multipath track-to-track as-
sociation algorithm based on Lagrangian relaxation, when compared with an exact algorithm, provides a large
reduction in computational effort, without significantly degrading association accuracy.
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1. INTRODUCTION

Due to the structure of the ionosphere, a single target may produce several resolvable detections at an OTHR
receiver. When processed by a OTHR tracker! this will result in several tracks for each target. Since meas-
urements of the target are made through the ionosphere, these tracks are not estimates of the target position
on the surface of the earth (ground coordinates), rather they are in radar coordinates, related to the measured
distance through the ionosphere. This relationship is shown diagrammatically in Figure 1. Information about the
ionospheric propagation conditions? is required to map a particular track from radar coordinates into ground
coordinates. This information is provided by the OTHR coordinate registration (CR) system. The CR data gives
transformations from radar coordinates into ground coordinates and a probability of propagation for a set of
possible propagation paths. While this information is necessary to map a track onto the ground, there is little a
priori indication as to which propagation path produced which track. This gives rise to a track-to-propagation
path association ambiguity. In addition, in a multi-target environment there is an ambiguity in the origin of a set
of closely separated tracks; they could be due to the same target via separate propagation paths or they could
be due to separate targets. This gives rise to a track-to-target association ambiguity. These associations must be
made for each track to determine the number of targets and the location of these targets in ground coordinates.
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Figure 1. A simplified illustration of the OTHR propagation process, showing the relationship of the distances to the
target in radar coordinates and ground coordinates.

Previous work in resolving the multipath track association ambiguity has used a multi-hypothesis approach,™
evaluating the probability of every feasible combination of all of the tracks and possible propagation paths and
extracting the highest probability hypothesis as the solution. A hypothesis tree is formed by recursively adding
information about each track in turn. At the first level of the tree, possible targets from the first track form
root nodes. At the second level of the tree, all combinations of track-to-target and track-to-propagation path
associations are formed which include both the first and second tracks. The process continues until all tracks
are incorporated. Approaches to reducing the computational complexity of this algorithm? have been based on
a heuristic approach, keeping a fixed number of the highest probability hypotheses at each level in the tree
before making the next set of branches. While this method will find a set of good, feasible hypotheses there is
no guarantee of optimality or indication of the solution quality.

This work poses the association problem in a slightly different way. Rather than forming complete hypotheses
containing all tracks, a set of single target hypotheses is formed. A target hypothesis is a set of tracks (with
corresponding propagation paths) which could have originated from a single target. The multipath track associ-
ation problem is then to combine target hypotheses together to form a complete hypothesis, aiming to maximise
the combined likelihood, while ensuring that each track appears exactly once in the complete hypothesis. This
problem can be posed as a 0/1 integer program. The structure of the problem can be used to reformulate the
program as an two-dimensional assignment problem with extra constraints.® By relaxing the extra constraints
into the objective function, using Lagrangian multipliers, the problem becomes one of iterative solution of a solv-
able problem (an assignment problem) and Lagrangian update. This process, known as Lagrangian relazation,” 8
is a common combinatorial optimisation technique for solving hard problems.? In particular this technique has
become popular in the tracking literature for solving the multi-dimensional assignment problem.!®1? Because
of the complexity of the problem the resulting solution method is approximate and cannot guarantee an optimal
solution. However, the nature of the algorithm can give an estimate of the accuracy of any solution.

For the purposes of this paper it is assumed that the algorithm has no prior information related to the track
or ionospheric states. For an operational system this would be relevant in a case where the algorithm is receiving
track information for the first time. Since all data is considered at the same point in time no variables have been
given time indices. As a consequence of this simplification the tracks are assumed independent in the calculation of
fused target states and target association hypotheses. It is recognised that this is a major simplifying assumption,
with the inclusion of prior information part of ongoing research. In terms of demonstrating the applicability of
the algorithm developed in this paper this assumption will have little or no effect on results and the conclusions
drawn from them.

This paper is organised as follows: Section 2 outlines the generation of target hypotheses and the target
likelihood calculation. Section 3 gives details of the association algorithm using an assignment algorithm with
additional constraints, solved using the Lagrangian relaxation technique. A comparison between the efficiency and



accuracy of the proposed algorithm against an exact solution for some simulated examples is given in Section 4,
followed by a summary of the work and proposed further research in Section 5.

2. MULTIPATH TRACK ASSOCIATION
2.1. Available Information

The inputs to the multipath track association algorithm are a set of N tracks in radar coordinates with state
si € R,i=1,...,N, supplied by the OTHR tracking system and an ionospheric state w € 7, supplied by the
OTHR CR system. The transformation, 7™ : R xZ — G, also supplied by the CR system describes the mapping
of the track state in radar coordinates, R, into ground coordinates, G, via propagation path m € {1,..., M}
through the ionosphere described by w. The state of track ¢ in ground coordinates via path m is then given by

:cz(-m) =T (s5,w). (1)

It is assumed that the tracker output, s;, is Gaussian distributed with mean §; = E{s;|Z;} and covariance
P, = cov(s;|Z;) and that the ionospheric state, w, has mean % = E{w|l} and covariance P, = cov(w|I).
Z; C Z represents the set of all radar measurements associated with track i and Z = Uf\]:l Z; is the set
of all associated radar measurements, where it is assumed that the measurement sets for each track do not
intersect.® I represents the set of all ionospheric measurements. It is also assumed that the transformation from
radar coordinates into ground coordinates can be closely approximated by a linearisation around the track and
ionospheric state estimates §; and w, such that

(™~ T (5,0) + T [5i — 53] + T9™ [w — 4], (2)
where
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are the Jacobian matrices of the transformation. Hence z; ' can also be assumed Gaussian distributed with

mean and covariance

P =T P [T + T P [T (6)

The event that track 7 is associated with propagation path m is denoted by Ggm). The prior probability of
this event is supplied by the ionospheric estimation process, which is given by

B = Pe™|I). (7)

2.2. Track Associations
A target hypothesis t is defined by set of track-to-propagation path associations
t
n=J 6o, 8)
ied,

where ®; C {1,..., N} is the set of tracks associated with target hypothesis ¢ and m! is the propagation path
assigned to track ¢ under target hypothesis t. So, for example, a two-track target hypothesis containing track 1 via
path 4 and track 5 via path 3 would be written as 7 = {9%4), 9;3)}. The physical restriction on path associations



Table 1. The total number of possible target hypotheses, N., with IV tracks and M propagation paths.

M
N 1 2 3 4 5 6 7 8 9 10
1 1 2 3 4 5 6 7 8 9 10
2 2 6 12 20 30 42 56 72 90 110
3 3 12 33 72 135 228 357 528 747 1020
4 4 20 72 208 500 1044 1960 3392 5508 8500
5 5 30 135 500 1545 4050 9275 19080 36045 63590
6 6 42 228 1044 4050 13326 37632 93288 2e+05 4e+05
7 7 56 357 1960 9275 37632 1le+05 4e+05 1le4+06 3e4-06
8 8 72 528 3392 19080 93288 4e+05 1le+06 5S5e+06 1e+07
9 9 90 747 5508 36045 2e+05 1le+06 5e+06 2e4+07 6e+07
10 10 110 1020 8500 63590 4e+05 3e+06 1le+07 6e+07 2e+08

is that each target can have at most one track propagating along any one path. Hence the cardinality of the set
(I)t is

that is there must be at least one track in each target hypothesis and the maximum number of tracks in each
target hypothesis is limited by the smaller of the total number of tracks, N, or the number propagation paths,
M. Under this constraint, the total number of possible target hypotheses, V. can be calculated as

min(N,M)
S (10

i=1

where C¥ denotes the combinations of i elements from N tracks and PM denotes the permutations of i elements
from M paths. A table of N, for a representative set of N and M is given in Table 1. Note the symmetry that
arises, since CNPM = pPNCM,

A collection of target hypotheses forms a complete hypothesis, Ay, called a path-dependent track-to-target
association hypothesis in the literature.® The restriction on a complete association hypothesis is that each track
must appear exactly once. The complete hypothesis is defined by the set of target hypotheses, Ay, from which
the hypothesis is formed, that is

)\h = U Tt (11)

teA,

2.3. Fused Target State

Under a given target association hypothesis, 7;, the distribution of the fused target state can be calculated. The
state estimates of the tracks associated with each target hypothesis can be fused to form a target state estimate.
As discussed in the introduction, the track states are assumed independent and thus the fused target state, x;,
can be expanded as
(mf)
pladlme, Z,1) o [] pladl6;™, Zi, 1. (12)
€Dy

Each density, p(xt|t9§m§), Z;, I), describes the target state from the set of radar measurements of track ¢ mapped
into ground coordinates via propagation path m!, that is it corresponds to CEEmi) as defined by (5) and (6). Due
to the assumptions of linearity and Gaussianity the fused target state can be simplified as Gaussian distributed
with covariance and mean

prt= 3 [P (13)

] —1 t
=P {Pgﬁj’“)} Mo, (14)



Hence the target state estimate is a weighted sum of the state estimates of each of the associated tracks mapped
into ground coordinates by the propagation paths specified through the target hypothesis’ path associations, 7.

2.4. Target Hypothesis Likelihood

The probability of a complete path dependent association hypothesis can be expanded as follows
P\ Z, 1) = P(1e,y..., 7,12, 1) (15)

x /P(Z|xtl,...,xtn,Ttl,...,Ttn,I)P(a:tl,...,xtn,Ttl,...,Ttn|I)dxt1,...,dxtn (16)

H/ (View, Zilze, 7o, I) Py, 7| I)dy, (17)

teA,

where A, = {t1,...,t,} is the set of all target hypotheses in the complete hypothesis h. Equation (17) shows
that the complete hypothesis probability can be written as a product of terms related to each of the constituent
target hypotheses. These terms are referred to as target likelihoods, which are denoted

Um|Z, 1) = /P(Uie@Zi\xt,Tt,I)P(iﬁtaTtU)dl"t- (18)

The likelihood of a target hypothesis relates to how likely the set of tracks, mapped into ground coordinates by
their specified propagation paths, are to have originated from a single target.

Equation (18) can be expanded in terms of known quantities. The first term in the integrand of (18) gives

P(Ui€¢'tZi|£rtht7]) = H P(Z2|xta91(m;)7-[) (]-9)
ied,
(m})
mt P(Z;|0: 1
=11 Pl Z;, 6] 1)’1)%, (20)
ied, P(x)0; 7, 1)

in order to write the probability in terms of the track state densities in ground coordinates. The second term in
the integrand of (18) gives

P(ze,m|T) = P(ailm, I) [] P(0™)1) (21)
€Dy

= P(xe|n, 1) [ 6. (22)
€Dy

Hence a target hypothesis likelihood can be written as

(m

mt mt |0 Z; ,I

Um|Z,1) = [H B P2, 1) /P il 1) I L(m)’)dxt (23)
1€Py i€Py ( |0 I)

T | B | P T (24)
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where y~! is a per-target constant related to the prior target density, which can be calculated from previously

observed target densities in the surveillance region. Under linear Gaussian assumptions, the target hypothesis
log-likelihood, L(m|Z,I) = log(¢(74|Z,I)), can be written as
mhY) 1 1 (m?)
L(1|Z,I) = —log(v) + Z};log (6 ) +§1og(|2th|)—§€Z};log (‘Qmei )
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t
where &; and P, are the fused target state mean and covariance, given by (14) and (13) respectively and igmi)

t
and P;:n) are the mean and covariance of track i mapped into ground coordinates by propagation path m!, as
given by (5) and (6) respectively.

3. A RELAXATION ALGORITHM FOR COMBINING TARGET HYPOTHESES

Having calculated the set of likelihoods for each target hypothesis and the corresponding fused target states, the
aim is to find the complete hypothesis with the highest probability. The problem to solve is thus deciding which
target hypotheses should be collected together to form an association which maximises the complete hypothesis
probability, under the constraint that each track must appear exactly once in the collection of targets. The
problem of finding the collection of target hypotheses which form the highest probability complete hypothesis
can be written as a 0/1 integer program, where y; are indicator variables (either 0 or 1), which define the presence
of target t in the collection, and where p; = L(7|Z, I), the “profit” of target hypothesis ¢, is the target hypothesis

log-likelihood.
T
max [Z ptyt‘|
L =

subject to:

T
Zstjyt:1> j:17"'aNa
t=1

Yt c {0, 1}, St]‘ S {0, ].} Vt7j
where s;; is another indicator variable, which is 1 if target hypothesis ¢ contains track j and 0 otherwise.

The structure of the problem can be exploited though rearranging the integer program (26) as an assignment
problem. This is achieved by dividing every target association 7; into two parts, the first track and the remaining
tracks. This gives a set of possible single-track targets, 77, v € {1,...,U}, and a set of sub-targets 7, v €
{~1,1...,V} such that {7*, 7/} = 7. To allow single track targets to appear in the association, the special
index —1 is included in the set v, which corresponds to an empty set of sub-targets, 7! = ). Using this indexing
scheme the corresponding target profits and indicator variables can be written as py, = D¢, Yuw = ¥: and

Suvj = Stj. The result of this reformulation is the following 0/1 integer program

$5 ]

Y u=1v=1

subject to:

U
Zyuvzl, v=1,...,V
u=0 (27)

u Vv
ZZSMJ‘ZJMZL ]:LaN
u=1v=1

Hence 7 and 7,/ form the row and columns, respectively, of a two-dimensional assignment, problem. Note that
the summations over u and v include 0. A standard assignment problem would demand that every u be assigned
to some v. The dummy index 0 ensures that as many w as necessary can be left unassigned. The problem is then
in the form of an assignment problem (which can be easily solved using, for example, the auction algorithm!?)
with N extra constraints, which ensure that the complete hypothesis refers to each track exactly once.

In the context of the Lagrangian relaxation algorithm, program (27) is referred to as the primal problem. In
general this is a hard problem to solve, so an approximation technique is used to simplify it. A dual problem



can be formed by relaxing the track constraint into the objective function, using an unconstrained Lagrangian

multiplier for each track, p;, 7 =1,..., N. The dual program can be written as
U v N U v
win L |33 e — > <z 3 St - 1)
" Y u=1v=1 j=1 u=1v=1
subject to:
v (28)
Zy’“’ =1 v=1,....V
u=0
v
Z Yuv = 1a U= 17 7U
v=—1

The term to be maximised in the objective function of the dual problem can be simplified

U \% N U 1% U 1% N N
S bt~ S (zzswyw)zz AP o IP) PR o PR e
u=1v=1 j=1 j=1 j=1

u=1v=1 u=1v=1

The dual problem thus becomes

U Vv N N
muin max Z Z Duv — Z HjSuvs | Yuv | T Z Hj
: j=1 J=1

u=1v=1
subject to:

u (30)
Z Yuv = 17 U= 17 7V

u=0
v

d pw=1 u=1,...,U

v=—1

The maximisation over y is a generalised assignment problem, where the profit associated with a target ¢ has
been reduced by the sum of the Lagrangians of each track in the target. The minimisation over p is a non-smooth
optimisation problem. Several approaches to solving this problem by iteratively updating the Lagrangians, have
appeared in the multi-dimensional assignment literature,'® 12 where the straightforward subgradient method of
Blackman and Popoli'! has been used for the algorithm presented in this paper.

The target collection algorithm proceeds by attempting to solve the dual problem. All N Lagrangians are
initialised to a constant and the two-dimensional assignment problem is solved for the modified profits. However,
the solution to the two-dimensional assignment may not necessarily satisfy the track constraint. Hence a feasible
solution is constructed, which satisfies all of the primal constraints and is in some sense close to the dual solution.
Those assigned targets containing tracks that violate the constraint are passed to an algorithm which picks the
set of targets that meet the track constraint and maximise the combined profit. For the purposes of this paper
a branch-and-bound algorithm finds the optimal set of violating targets that satisfy the constraint.

The profit of a solution to the dual problem is guaranteed to be greater than or equal to, that is an upper
bound for, the profit of any primal problem, with equality at the optimal solution. This gives two stopping
conditions for the optimisation algorithm. The difference between the dual profit for some set of multipliers p
and the primal profit for some feasible y is known as the duality gap and gives an indication of the quality of the
primal solution. Therefore as the dual solution converges the duality gap should shrink, so that when the gap
falls below some threshold the algorithm can terminate. Furthermore, since the relaxed constraints are equality
constraints, the complementary slackness property® holds automatically and therefore if the dual solution, y, for
multipliers p is feasible, then y is the optimal solution. Thus if the dual solution is feasible the algorithm can
terminate.



If the problem is well-behaved, then an optimal solution to (30) will be an optimal solution to the primal
problem (26). However, this problem has the integrality property.” The integrality property describes a class of
problems where the solution to the Lagrangian relaxed problem always has integer solutions even if the integer
constraint (y € {0,1}) is removed. This is the case for (30), since it is well known that the integer constraint can
be dropped when solving assignment problems.'* The consequence of the integrality property is that the solution
to the dual problem can be no better than the solution to the linear programming relazation (LP relaxation).
The LP relaxation is the primal problem with the integer constraint on y removed. This property divides the set
of possible problems into “easy” problems and “hard” problems. If the solution to the LP relaxation is feasible,
then the solution is optimal and the Lagrangian relaxation will also converge to the optimal solution, making
the problem “easy”. However, if the LP relaxation is not feasible, then the Lagrangian relaxed problem will
converge to the solution of the LP relaxed problem, rather than the optimal. This makes the problem “hard,”
since neither of the stopping conditions described above will occur and there is no way of knowing how close the
primal solution is to the optimal. In addition, since the LP relaxation is not trivial to calculate, it cannot be
known whether the problem is “easy” or “hard” before attempting to find a solution.

Despite having the integrality property there are several reasons for persevering with a solution using Lag-
rangian relaxation. The main reason is that, while the dual problem may not converge to the optimal solution,
reconstruction of a primal solution from an Lagrangian dual is much more straightforward than reconstructing
from a LP relaxed solution. Secondly, a few iterations of the Lagrangian relaxation algorithm will, in general, be
quicker than attempting to solve the LP relaxation.

In summary, the target collection algorithm using Lagrangian relaxation consists of the following steps:

1. Populate a profit matrix, P;, with an entry for each target.
2. Initialise a Lagrangian multiplier to a constant for each track.

3. Form a modified profit matrix, P», by subtracting the Lagrangian multiplier for each track from the
appropriate target profits.

4. Solve the two-dimensional assignment problem, using P, as the profit matrix.

5. Reconstruct a feasible solution from the resulting assignment, ensuring that each track is referred to exactly
once.

6. If the dual solution is feasible then the solution is optimal and the algorithm terminates. If the duality gap
is below some threshold, then the algorithm also terminates.

7. Otherwise, the Lagrangians are updated and the algorithm returns to step 3.

Note that since convergence of the algorithm cannot be guaranteed, in practice the algorithm runs for a fixed
number of iterations and if convergence has not been reached, the final solution is the best feasible solution
found.

4. SIMULATION AND RESULTS

For the purposes of testing the algorithm, the target hypothesis likelihoods were generated randomly. Propagation
paths were also randomly selected for each track in each target hypothesis, while ensuring that all tracks were
assigned different paths. One example of each type of target hypothesis is generated, where the type of target
hypothesis refers to the set of associated tracks. Since the algorithm is attempting to find the complete hypothesis
with maximum likelihood, there is no need to consider more than one target hypothesis of the same type, because
the highest probability hypothesis will only ever contain the highest profit target from among those with the
same type. This implies that
min(N,M)

>, oy (31)



Table 2. Comparison of the LR algorithm versus an exact algorithm for “easy” problems.

Time Quality (%)
Tracks B&B LR True Estimated Conv. (%) Iterations
4 1 1 100 99.73 100 6.7
6 6 2.6 100 98.86 80 124
8 41.5 5.7 100 97.66 60 16.5
10 758 13.3  99.44 97.27 60 19.7
12 11892 25.3 98.54 96.95 40 21.7
14 - 75.1 - 79.30 10 24.9
16 - 139 - 86.15 20 24.0

Table 3. Comparison of the LR algorithm versus an exact algorithm for “hard” problems.

Time Quality (%)
Tracks B&B LR  True Estimated Conv. (%) Iterations
4 1.5 3.4 100 67.75 0 25
6 6.6 49 91.21 58.14 0 25
8 43.2 8.5 88.53 64.90 0 25
10 755 17.3  94.22 78.44 0 25
12 12098 31.7 89.43 72.99 0 25
14 - 68.1 - 75.09 0 25
16 - 148 - 66.79 0 25

target hypotheses are simulated, rather than the much larger number given by (10).

A set of examples was generated with a varying number of tracks and with the number of propagation paths
fixed at 4. Random examples were generated for each number of tracks and then sorted into “easy” problems,
where the LP relaxation gave an integer solution, and “hard” problems. Ten examples of each were taken and
the results averaged. The results are compared with a naive branch-and-bound algorithm, designed to find the
optimal solution. Tables 2 and 3 list the results obtained for the two algorithms in “easy” and “hard” cases
respectively. Since each algorithm is programmed in MATLAB, the running times are normalised to the fastest
average time (the 4-track “easy” examples), to reduce the effect of any coding quality differences between the
algorithms.* The solution quality is simply the ratio of the best profit given by the relaxation algorithm to the
profit of the true solution, where the solution profits are the products of the target likelihoods, not the sum of
the log-likelihoods. The estimated quality is the ratio of the best profit given by the relaxation algorithm to the
minimum dual profit. The percentage of examples where the algorithm converged and the average number of
iterations of the relaxation algorithm is also given. Note that the true solution was not calculated for more that
12 tracks because of the computation time required.

It can be seen from Tables 2 and 3 that the computation times for both the exact algorithm and the Lagrangian
relaxation algorithm increase exponentially, but that the times required for the relaxation algorithm increase a
much slower rate. An important feature is that, especially for the “easy” problems, the benefit of increased speed
does not degrade the accuracy of the solution significantly. Comparing the tables for the “easy” and “hard”
problems shows that, as expected, the relaxation algorithm converges consistently for the “easy” problems and
never converges to the optimal solution for the “hard” problems. Since the algorithm never meets its stopping
condition, it always runs for the maximum number of iterations, set to 25 in these simulations. It is also apparent
that the duality gap, which is related to the estimated quality shown in the table, is good for the “easy” set of

*The average time taken for the 4 track “easy” examples for branch-and-bound was measured at 15mS and for the
relaxation algorithm 77 mS, giving an average computation time for the 12 track “easy” case of 178.4S for branch-and-
bound and 1.95S for relaxation.
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Figure 2. An example of the convergence of the primal and dual profits for an “easy” problem.
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Figure 3. An example of the convergence of the primal and dual profits for a “hard” problem, showing separation between
the optimal and LP relaxation profits.

problems, but is poor for the “hard” problems, since the dual is converging to the LP relaxed profit, rather than
the optimal. Despite the lack of convergence, the solution found to the “hard” problems is often within 90% of
the optimal.

Figures 2 and 3 show the iterative convergence of the primal and dual profits for an “easy” and a “hard”
example respectively, with 8 tracks and 4 propagation paths. Note that with the Lagrangian update and primal
reconstruction scheme used here neither the primal nor the dual will necessarily monotonically approach the
optimal profit. The horizontal line in the easy example shows the optimal profit (which is also the LP relaxation
profit in this case), while Figure 3 shows the optimal profit as the lower horizontal line and the LP relaxation
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Figure 4. The percentage of “easy” problems as a function of the number of tracks.

profit as the upper line. It is obvious from this example that the dual profit does not approach the optimal
profit, but rather approaches that of the LP relaxation. Figure 4 shows the percentage of easy problems from
a random selection of 100 problems for different numbers of tracks. The figure shows that unfortunately the
proportion of “easy” problems decreases with the number of tracks, and hence the difficulty of the problems
increases. Therefore when using the Lagrangian relaxation algorithm there is less knowledge about how good a
prospective solution is as the number of tracks increases.

The bulk of the computation time in the Lagrangian relaxation algorithm is spent reconstructing a feasible
solution in the first few iterations. During the first few iterations, where the duality gap is quite large, the dual
solution has many assignments that violate the track constraint, which requires a substantial effort from the
algorithm attempting to find a feasible solution. As the duality gap reduces, the dual solution becomes better
and less work is required to reconstruct a feasible solution. The increase in computation time as the number
of tracks increases is also related to the time taken for the solution to the two-dimensional assignment. As the
number of targets increases, the size of the profit matrix increases, which increases the time required to solve
the two-dimensional assignment accordingly.

Since the simulation presented in this paper randomly selects association profits, the calculation of target
likelihoods, as outlined in Section 2 is not simulated. Hence the time required to compute the likelihoods has
not been taken into account in these results. Given the promising performance of the Lagrangian relaxation
algorithm for solving the target collection problem it could be expected that the calculation of target likelihoods
will take more time than finding a good association hypothesis.

5. CONCLUSIONS AND FURTHER RESEARCH

This paper has shown that the OTHR multipath track association problem can be reformulated as a two-
dimensional assignment problem with an extra constraint for each track. The resulting association algorithm
uses a combinatorial optimisation technique known as Lagrangian relaxation.® Due to the integrality property”
of this problem, convergence of the algorithm cannot be guaranteed in general. However experimental results
on simulated data show that the algorithm can provide a solution orders of magnitude faster than a guaranteed
optimal solution, with little loss in solution quality. It was found that in many of the cases considered, the
solution given by the Lagrangian relaxation algorithm was in fact optimal.

Further research is planned to extend the technique to search for several of the highest probability hypo-
theses.!® It is also planned to modify the algorithm to restrict solutions to those having a specified number of
targets. For example the algorithm would select the highest probability hypothesis with 5 targets in it. This is a
much more difficult problem, since in the current problem a feasible solution is guaranteed, due to the inclusion
of the single track targets, whereas there may be no feasible solution for the problem of finding a solution with
a fixed number of targets.
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