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Abstract—In a multi-sensor scenario, accurate data fusion
is best achieved by processing the measurements from all
the sensors at a fusion node to produce tracks. However,
inaccuracies in the position and/or rotation of the sensor
can lead to “ghost” tracks, particularly when the sensors
are not co-located. This paper presents a framework
which models the uncertainty over the sensors’ registra-
tion parameter (e.g. position and rotation) and discloses
an unscented implementation technique (other methods
based on particle filters can be accommodated within
our framework), where each sensor self-localises using
targets of opportunity. The aim is to solve the sensor
registration problem whilst adding minimal overhead to
an existing tracker, which is facilitated by making the
standard assumption that the state of the joint target
factorises over the individual targets.
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1. INTRODUCTION

The objective of this paper is to develop a framework
in which to perform sensor registration in the context
of Multi-Target Tracking (MTT)[2]. Sensor registration,
also know as “calibration” in the vision community[3],
involves determining, for example, the location and ori-
entation of all the sensors alongside the target states.
The constraint we place on such a framework is that
it should have as little as possible impact on existing
MTT strategies. Put differently, it is required that the
proposed framework should combine with existing MTT
strategies with no or little modifications to the MTT
algorithms. We defer simulation results to a future jour-
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nal publication (in preparation), which will apply our
algorithm to the self-calibration of a set of webcams be-
ing used to track “markerless” people (in a computer
vision context), and so we merely suggest a mechanism
(namely an unscented approximation) to performing in-
ference. The novelty of our approach is deemed obvious
from existing techniques within the scientific literature;
see references [5], [7], [8] for example. With respect to
reference [5], what we are doing is (implicitly) equivalent
to this method of inflating the measurement noise to re-
flect the uncertainty over the parameters of the model,
and then estimating these parameter values. However,
using our approach, this uncertainty can reduce with
time as the data provides more information about the
value of the parameter.

We will first present a general framework that describes
most existing MTT tracking algorithms, and then show
how this framework can be extended to accommodate
the sensor registration problem.

We will use the following notation in what follows:

• N is the number of targets.
• xi

t is the state of the i-th target at time t.
• x1:N

t is the joint state of all the targets at time t.
• yt are the measurements at time t.
• y1:t are the measurements from the first time step up
to and including time t.
• ai

t is the target to measurement association variable
for the i-th target at time t.

• y
ai

t

t is the measurement that is associated to the i-th
target at time t.
• θt is a vector unknown parameters that is comprised
of the sensor parameters, that is, the joint state of all of
the (multi) sensor parameters.

Since this paper intends to develop a probabilistic frame-
work whose terms can be approximated using any stan-
dard data association technique and any standard fil-
tering technique (including particle filters) we present a
large amount of probabilistic detail. This is necessary
to preserve the generality of the approach. The imple-
mentation details that we do provide in section 4 are
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intended to ease the burden on the general reader and
allow a more efficient implementation of the framework
developed.

The format of the paper is as follows: in section 2, we
provide a probabilistic overview of the MTT problem.
In the section that follows, we discuss a mathematical
framework for sensor registration and as stated provide
implementation details, using the (mixture) unscented
Kalman filter as an inference vehicle in section 4. Finally,
we conclude in section 5.

2. A GENERAL FRAMEWORK FOR MTT
PROBLEMS

For online MTT the distribution of interest is the pos-
terior density function p(x1:N

t |y1:t), and the objective is
to estimate this distribution recursively in time. Most
practical MTT algorithms make the assumption that this
distribution factorises over the individual targets, i.e.

p(x1:N
t |y1:t) ≈

N∏

i=1

p(xi
t|y1:t). (1)

This assumption is largely historical, and facilitates a
computationally feasible extension of single target track-
ing strategies, such as the Kalman Filter (KF), to the
multi-target scenario. From an estimation perspective
it leads to a significant reduction in complexity: search-
ing the product of marginal spaces can be done more
efficiently than searching the joint space. Practically,
it means that the computational cost to perform MTT
scales linearly with the number of targets (MTT data
association algorithms permitting), which is important
if the number of targets could be in the 10s, or possibly
100s. In contrast, treatment of the full joint posterior
scales exponentially with the number of targets.

The recursive update of the target distribution proceeds
in two steps: a prediction step and a filtering, or update,
step. The prediction step proceeds independently for
each of the targets as

p(xi
t|y1:t−1) =

∫
p(xi

t|x
i
t−1)︸ ︷︷ ︸

dynamics

p(xi
t−1|y1:t−1)︸ ︷︷ ︸

previous filtering

dxi
t−1. (2)

Due to the association uncertainty the filtering step can-
not proceed independently for each of the targets. By
introducing the association variable the updated target

posterior can be expanded as

p(xi
t|y1:t) =

∑

ai

t

p(xi
t, a

i
t|y1:t)

=
∑

ai

t

p(ai
t|y1:t)︸ ︷︷ ︸

association posterior

p(xi
t|a

i
t, y1:t)︸ ︷︷ ︸

conditional filtering

.
(3)

Thus, the target posterior is a discrete mixture, with
one mixture component for each valid association. The
mixture components comprise the target posteriors con-
ditional on the valid associations, and combine in pro-
portion to the corresponding association posteriors. Us-
ing Bayes’ rule and the standard state-space modelling
assumptions the conditional filtering distribution can be
developed as

p(xi
t|a

i
t, y1:t) =

p(yt|x
i
t, a

i
t, y1:t−1)p(xi

t|a
i
t, y1:t−1)∫

p(yt|si
t, a

i
t, y1:t−1)p(si

t|a
i
t, y1:t−1)dsi

t

=
c(y

C(ai

t
)

t )p(y
ai

t

t |xi
t)p(xi

t|y1:t−1)

c(y
C(ai

t
)

t )
∫

p(y
ai

t

t |si
t)p(si

t|y1:t−1)dsi
t

=
p(y

ai

t

t |xi
t)p(xi

t|y1:t−1)
∫

p(y
ai

t

t |si
t)p(si

t|y1:t−1)dsi
t

.

(4)

In the above p(yi
t|x

i
t) is the likelihood model for a target-

originated measurement yi
t, and c(·) is the clutter like-

lihood model. In the expansion above this model is as-
sumed to apply to all the measurements in yt that are
not associated to the target in question. The indices of
these measurements are denoted by C(ai

t). Thus, the
conditional filtering distribution can be expressed as

p(xi
t|a

i
t, y1:t) = p(xi

t|y1:t−1, y
ai

t

t ) =

target likelihood︷ ︸︸ ︷
p(y

ai

t

t |xi
t)

prediction︷ ︸︸ ︷
p(xi

t|y1:t−1)

p(y
ai

t

t |y1:t−1)︸ ︷︷ ︸
predictive likelihood

,

(5)
where the predictive likelihood in the denominator is
given by

p(y
ai

t

t |y1:t−1) =

∫
p(y

ai

t

t |xi
t)p(xi

t|y1:t−1)dxi
t, (6)

and acts as the normalising constant for the conditional
filtering distribution.

The quantity p(ai
t|y1:t) in (3) is the association posterior

for the i-th target, which can be obtained by marginal-
ising the joint association posterior, i.e.

p(ai
t|y1:t) =

∑

a−i

t

p(a1:N
t |y1:t), (7)
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where a−i
t denotes a1:N

t with the i-th component re-
moved. The joint association posterior can, in turn, be
expressed as

p(a1:N
t |y1:t) =

∫
p(x1:N

t , a1:N
t |y1:t)dx1:N

t

=

∫
p(yt|x1:N

t , a1:N
t )p(x1:N

t , a1:N
t |y1:t−1)

p(yt|y1:t−1)
dx1:N

t

∝

∫
p(yt|x

1:N
t , a1:N

t )︸ ︷︷ ︸
joint likelihood

× p(x1:N
t |y1:t−1)︸ ︷︷ ︸

predictions

p(a1:N
t )︸ ︷︷ ︸

association prior

dx1:N
t .

(8)

In the above p(a1:N
t ) is the prior of the joint associations.

Both the joint likelihood and the prediction distributions
factorise straightforwardly over the targets, so that the
expression above simplifies to

p(a1:N
t |y1:t) ∝ p(a1:N

t )c(y
C(a1:N

t
)

t )

×
N∏

i=1

∫
p(y

ai

t

t |xi
t)p(xi

t|y1:t−1)dxi
t

= p(a1:N
t )c(y

C(a1:N

t
)

t )

N∏

i=1

p(y
ai

t

t |y1:t−1),

(9)

where the terms in the product are the predictive likeli-
hoods in (6), and the clutter model is applied to all the
measurements in yt that are not associated to any of the
targets under the joint association hypothesis a1:N

t . The
indices of these measurements are denoted by C(a1:N

t ).

If the clutter model, c(.) is assumed to be such that
the likelihood factorises over the clutter measurements,
then (9) can be written as a product over the targets of
independent terms:

p(a1:N
t |y1:t)

∝ p(a1:N
t )

∏

y′

t
∈(C(a1:N

t
)

c′(yt)

N∏

i=1

∫
p(y

ai

t

t |xi
t)p(xi

t|y1:t−1)dxi
t

= p(a1:N
t )

∏

yt

c′(yt)

N∏

i=1

∫
p(y

ai

t

t |xi
t)

c′(y
ai

t

t )
p(xi

t|y1:t−1)dxi
t

(10)

where if ai
t implies a missed detection, the corresponding

value of c′(y
ai

t

t ) is unity. The fact that this approximation
to the likelihood factorises over the targets is exploited

by strategies for either efficiently finding the maximum
likelihood estimate of a1:N

t using Global Nearest Neigh-
bour (GNN) algorithms such as the auction algorithm[1],
or efficiently calculating this enumeration[6]. By making
such a factorisation, one can exploit redundancy within
the problem (brought about by gating procedures) to
create such efficient algorithms.

The MTT tracking framework is now fully specified. At
any time step the framework first computes the predic-
tion distribution for each of the targets independently
according to (2). The valid joint associations (after gat-
ing) are then enumerated, and the association proba-
bilities computed for each target according to (7)-(9).
Finally, for each target, the conditional filtering distri-
butions are computed according to (5), and combined
in proportion to the association probabilities in (3) to
obtain the new target posterior.

3. A FRAMEWORK FOR SENSORREGISTRATION

We will assume that all the sensor parameters are col-
lected in the parameter θt, which is allowed to vary with
time. We will also assume that the dynamic models for
the targets are independent of θt. The distribution of
interest is now the posterior p(x1:N

t , θt|y1:t). Similar to
(1) we will assume that this distribution factorises as

p(x1:N
t , θt|y1:t) ≈ p(θt|y1:t)

N∏

i=1

p(xi
t|y1:t), (11)

i.e. the individual targets and the parameter are mutu-
ally independent. In what follows we will first show how
to compute the target state posterior p(xi

t|y1:t), and then
show how the parameter posterior p(θt|y1:t) can be ob-
tained.

State Filtering

We show here how to compute the target state posterior
p(xi

t|y1:t), so that it is independent of the parameter θt.

The prediction step for the target states proceeds as be-
fore, i.e.

p(xi
t|y1:t−1) =

∫
p(xi

t|x
i
t−1)︸ ︷︷ ︸

target dynamics

p(xi
t−1|y1:t−1)︸ ︷︷ ︸

previous filtering

dxi
t−1

(12)

since the target dynamic models are independent of the
parameter.

By introducing the association variable and the parame-
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ter the filtering distribution can be expanded as

p(xi
t|y1:t)

=

∫ ∑

ai

t

p(xi
t, a

i
t, θt|y1:t)dθt

=

∫ [∑

ai

t

p(ai
t|θt, y1:t)p(xi

t|a
i
t, θt, y1:t)

]
p(θt|y1:t)dθt.

(13)

The term in square brackets is exactly the discrete mix-
ture in (3), where the conditioning on θt was implicit.
Thus, the new filtering distribution is now a continuous
mixture, with one discrete mixture of the form in (3) for
each valid value of the parameter.

The implication of the continuous mixture in (13) on the
computational complexity is potentially large: the valid
joint associations have to be enumerated for each value
of the parameter to compute the association probabili-
ties for the discrete mixture. This is clearly impractical,
even for discrete approximations of the parameter pos-
terior. To overcome this difficulty we consider the ap-
proximation where the joint posterior of the association
and parameter variables factorises, i.e.

p(ai
t, θt|y1:t) ≈ p(ai

t|y1:t)p(θt|y1:t). (14)

With this approximation the target posterior can be
written as

p(xi
t|y1:t) ≈

∑

ai

t

p(ai
t|y1:t)p(xi

t|a
i
t, y1:t), (15)

with

p(xi
t|a

i
t, y1:t) =

∫
p(xi

t|a
i
t, θt, y1:t)p(θt|y1:t)dθt. (16)

Under reasonable assumptions the integral above is much
simpler to solve or approximate than the one in (13).
Thus, in (15) we again have a discrete mixture for the
target posterior, with one mixture component for each
valid association.

The marginal association posterior, which is required for
the approximation above, can again be obtained from the
corresponding joint, as in (7), with the joint now given by

p(a1:N
t |y1:t)

=

∫
p(x1:N

t , a1:N
t , θt|y1:t)dx1:N

t dθt

=

∫
p(yt|x1:N

t , a1:N
t )p(x1:N

t , a1:N
t , θt|y1:t−1)

p(yt|y1:t−1)
dx1:N

t dθt

∝

∫
p(yt|x

1:N
t , a1:N

t )︸ ︷︷ ︸
joint likelihood

p(x1:N
t |y1:t−1)p(θt|y1:t−1)︸ ︷︷ ︸

predictions

× p(a1:N
t )︸ ︷︷ ︸

association prior

dx1:N
t dθt.

(17)

Taking account of the factorisation of the joint likelihood
and prediction distributions over the targets, leads to the
simplification

p(a1:N
t |y1:t)

∝ p(a1:N
t )c(y

C(a1:N

t
)

t )

∫
p(θt|y1:t−1)

N∏

i=1

p(y
ai

t

t |θt, y1:t−1)dθt,

(18)
which is similar to (9).

What remains is the computation of the parameter pos-
terior p(θt|y1:t), which is required for the marginalisation
over the parameter in (13) and (16). We discuss this in
the next section.

Parameter Filtering

We now show how to compute the parameter poste-
rior, or parameter filtering distribution, p(θt|y1:t). The
prediction step is based upon a time varying Markov
process, as follows:

p(θt|y1:t−1) =

∫
p(θt|θt−1)︸ ︷︷ ︸

parameter dynamics

p(θt−1|y1:t−1)︸ ︷︷ ︸
previous filtering

dθt−1.

(19)

By introducing the associations the parameter filtering
distribution can be expanded as

p(θt|y1:t) =
∑

a1:N
t

p(θt, a
1:N
t |y1:t)

=
∑

a1:N

t

p(a1:N
t |y1:t)p(θt|a

1:N
t , y1:t),

(20)

where p(a1:N
t |y1:t) is the joint association posterior in

(18). By using Bayes’ rule and the independence of the
prediction distributions for the targets, the conditional
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parameter filtering distribution above can be expressed
as

p(θt|a
1:N
t , y1:t) =

p(θt|y1:t−1)
∏N

i=1 p(y
ai

t

t |θt, y1:t−1)
∫

p(φt|y1:t−1)
∏N

i=1 p(y
ai

t

t |φt, y1:t−1)dφt

.

(21)
Substituting this result into (20) yields

p(θt|y1:t) =

∑

a1:N

t

p(a1:N
t |y1:t)

p(θt|y1:t−1)
∏N

i=1 p(y
ai

t

t |θt, y1:t−1)
∫

p(φt|y1:t−1)
∏N

i=1 p(y
ai

t

t |φt, y1:t−1)dφt

.

(22)
Since all the terms in the above expression can be com-
puted straightforwardly one option is to solve this ex-
pression directly. However, the summation over all the
valid joint hypotheses may be computationally cumber-
some, and it would be convenient to find an approxima-
tion that allows us to factorise the above expression over
the individual targets. We can achieve such an approxi-
mation if we assume that the joint association posterior
factorises over the targets, i.e.

p(a1:N
t |y1:t) ≈

N∏

i=1

p(ai
t|y1:t), (23)

and that the integral in the denominator of (22) can be
approximated as

∫
p(φt|y1:t−1)

N∏

i=1

p(y
ai

t

t |φt, y1:t−1)dφt

≈
N∏

i=1

∫
[p(φt|y1:t−1)]

1/Np(y
ai

t

t |φt, y1:t−1)dφt. (24)

This approximation will be reasonably accurate if it
is true that the product of predictive likelihoods that
do not share the same parameter value is negligible.
Whether this is a reasonable assumption has to be veri-
fied experimentally. By applying the approximations in
(23) and (24) to the expression in (22), the parameter
filtering distribution can finally be expressed as

p(θt|y1:t) ≈ p(θt|y1:t−1)

×
N∏

i=1

[∑

ai

t

p(ai
t|y1:t)p(y

ai

t

t |θt, y1:t−1)
∫

[p(φt|y1:t−1)]1/Np(y
ai

t

t |φt, y1:t−1)dφt

]
.

(25)

We may also try an approximation where we approxi-
mate as independent of ai

t the integral in the denomina-

tor of (25), in which case the parameter filtering distri-
bution further simplifies to

p(θt|y1:t) ≈ Cp(θt|y1:t−1)

N∏

i=1

[∑

ai

t

p(ai
t|y1:t)p(y

ai

t

t |θt, y1:t−1)
]
,

(26)
where C is the constant that normalises the expression
to be a proper distribution. Clearly, by considering the
targets one-at-a-time one can perform mixture reduc-
tion sequentially, thus reducing the computational bur-
den naively associated with (26).

4. MIXTURE (UNSCENTED) KALMAN FILTER

In this section we sketch how the sensor registration
framework presented in the previous section can be
implemented using Gaussian mixtures in the spirit of
the mixture (unscented) Kalman filter. The Unscented
Transform (UT) has been used to conduct an approxi-
mation of the state transition and observation densities,
though quasi-Monte Carlo sampling. The resulting fil-
ter, the Unscented Kalman Filter(UKF), considers a set
of (sigma) points that are deterministically selected from
the Gaussian approximation to p(xt−1|y1:t−1). These
points are all propagated through the true models and
the parameters of p(xt, yt|y1:t−1) are then estimated
from the transformed samples. The reader is referred to
reference [4] for a recent review of standard unscented
filtering techniques. Using this framework based upon
other techniques (such as Extended Kalman filtering or
particle filtering) is deemed to be a simple operation.

Preliminaries

In the derivations that follow we will need some results
concerning Gaussians and Gaussian mixtures. We re-
fer the reader to any standard basic probability text for
proofs.

• Suppose that the random variables x and y are jointly
Gaussian distributed, i.e.

p(x, y) = N(

[
x

y

]
|

[
µx

µy

]
,

[
Σxx Σxy

ΣT

xy Σyy

]
). (27)

Then the marginal and conditional distributions of x are
also Gaussian, and given by

p(x) = N(x|µx, Σxx) (28)

p(x|y) = N(x|µx|y , Σxx|y), (29)

with

µx|y = µx + ΣxyΣ−1
yy (y − µy) (30)

Σxx|y = Σxx − ΣxyΣ−1
yy ΣT

xy. (31)
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A similar result holds for the marginal and conditional
distributions of y.
• Suppose that the random variables x and y are jointly
distributed according to a Gaussian mixture, i.e.

p(x, y) =
∑

k

wkN(

[
x

y

]
|

[
µx,k

µy,k

]
,

[
Σxx,k Σxy,k

ΣT

xy,k Σyy,k

]
). (32)

Then the marginal and conditional distributions of x are
also Gaussian mixtures, and given by

p(x) =
∑

k

wkN(x|µx,k, Σxx,k) (33)

p(x|y) =
∑

k

w̃kN(x|µx|y,k, Σxx|y,k), (34)

with

µx|y,k = µx,k + Σxy,kΣ
−1
yy,k(y − µy,k) (35)

Σxx|y,k = Σxx,k − Σxy,kΣ−1
yy,kΣT

xy,k (36)

w̃k =
wkN(y|µy,k, Σyy,k)∑

l wlN(y|µy,l, Σyy,l)
. (37)

A similar result holds for the marginal and conditional
distributions of y.

Representation

We will represent both the target and parameter filtering
distributions with Gaussian mixtures. We would like the
operations at a particular time step to be closed with
respect to this representation, i.e. starting from

p(xi
t−1|y1:t−1) =

∑

j

αi
j,t−1N(xi

t−1|a
i
j,t−1, P

i
j,t−1) (38)

p(θt−1|y1:t−1) =
∑

k

γk,t−1N(θt−1|bk,t−1, Qk,t−1), (39)

we would like the result of the operations at time t to be

p(xi
t|y1:t) =

∑

j

αi
j,tN(xi

t|a
i
j,t, P

i
j,t) (40)

p(θt|y1:t) =
∑

k

γk,tN(θt|bk,t, Qk,t). (41)

In the remainder of this section we will outline a strategy
to achieve this.

Prediction

The joint prediction distribution for the i-th target state,
target-originated measurement and the parameter can

be expanded as

p(yi
t, x

i
t, θt|y1:t−1)

= p(yi
t|x

i
t)

∫
p(xi

t|x
i
t−1)p(xi

t−1|y1:t−1)dxi
t−1

×

∫
p(θt|θt−1)p(θt−1|y1:t−1)dθt−1

=
∑

j

∑

k

αi
j,t−1γk,t−1p(yi

t|x
i
t)

×

∫
p(xi

t|x
i
t−1)N(xi

t−1|a
i
j,t−1, P

i
j,t−1)dxi

t−1

×

∫
p(θt|θt−1)N(θt−1|bk,t−1, Qk,t−1)dθt−1.

(42)

The integrals in the above expression can be solved by
the Kalman filter for linear Gaussian models. For gen-
eral non-linear and non-Gaussian models, approxima-
tions can be obtained with the unscented Kalman fil-
ter. In either case the joint prediction distribution is a
Gaussian mixture that can be written as

p(yi
t, x

i
t, θt|y1:t−1) =

∑

j

∑

k

αi
j,t−1γk,t−1N(




yi

t

xi
t

θt



 |




ŷi

jk,t

âi
j,t

b̂k,t



 , Υ)jk,t, (43)

where

Υjk,t =




Ŝi
jk,t Û iT

jk,t V̂ iT
jk,t

Û i
jk,t P̂ i

j,t 0

V̂ i
jk,t 0 Q̂k,t


.

Using the results in Section 4 many of the distributions of
interest can be straightforwardly derived from this joint.
We give some of these in the below.

• State and parameter prediction. The marginal predic-
tion distributions for the target state and the parameter
follow straightforwardly by marginalising (43) as

p(xi
t|y1:t−1) =

∑

j

αi
j,t−1N(xi

t|â
i
j,t, P̂

i
j,t) (44)

p(θt|y1:t−1) =
∑

k

γk,t−1N(θt |̂bk,t, Q̂k,t). (45)

Note that the prediction distribution for the parame-
ter follows independently of which target it is combined
with.
• Gating. For gating we require the distribution
p(yi

t|y1:t−1). This can be obtained by marginalising (43)
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over (xi
t, θt), leading to

p(yi
t|y1:t−1) =

∑

j

∑

k

αi
j,t−1γk,t−1N(yi

t|ŷ
i
jk,t, Ŝ

i
jk,t).

(46)
• Filtering. For state filtering based on a target-
originated measurement yi

t the required distribution is
the state posterior p(xi

t|y1:t−1, y
i
t). It can be obtained

by first marginalising the joint in (43) over the para-
meter θt, and then computing the conditional on the
measurement, leading to

p(xi
t|y1:t−1, y

i
t) =

∑

j

∑

k

α̃i
jk,tN(xi

t|a
i
jk,t, P

i
jk,t), (47)

with

ai
jk,t = âi

j,t + Û i
jk,t[Ŝ

i
jk,t]

−1(yi
t − ŷi

jk,t) (48)

P i
jk,t = P̂ i

j,t − Û i
jk,t[Ŝ

i
jk,t]

−1Û iT
jk,t (49)

α̃i
jk,t =

αi
j,t−1γk,t−1N(yi

t|ŷ
i
jk,t, Ŝ

i
jk,t)∑

l

∑
m αi

l,t−1γm,t−1N(yi
t|ŷ

i
lm,t, Ŝ

i
lm,t)

. (50)

• Measurement prediction. Several of the computations
for sensor registration require the measurement pre-
diction distribution conditional on the parameter, i.e.
p(yi

t|θt, y1:t−1). It can be obtained by first marginalis-
ing the joint in (43) over the target state xi

t, and then
computing the conditional on the parameter, leading to

p(yi
t|θt, y1:t−1) =

∑

j

∑

k

ω̃i
jk,tN(yi

t|y
i
jk,t, S

i
jk,t), (51)

with

yi
jk,t = ŷi

jk,t + V̂ iT
jk,tQ̂

−1
k,t(θt − b̂k,t) (52)

Si
jk,t = Ŝi

jk,t − V̂ iT
jk,tQ̂

−1
k,t V̂

i
jk,t (53)

ω̃i
jk,t =

αi
j,t−1γk,t−1N(θt |̂bk,t, Q̂k,t)

∑
l

∑
m αi

l,t−1γm,t−1N(θt |̂bm,t, Q̂m,t)
. (54)

In a similar vain to the above it is possible to obtain the
full joint prediction distribution for all the targets and
the parameter. This distribution takes the form

p(y1:N
t , x1:N

t , θt|y1:t−1) =
∑

J

∑

k

α1:N
J,t−1γk,t−1

×N(




y1:N

t

x1:N
t

θt



 |




ŷ1:N

Jk,t

â1:N
J,t

b̂k,t



 ,




Ŝ1:N
Jk,t Û1:NT

Jk,t V̂ 1:NT

Jk,t

Û1:N
Jk,t P̂ 1:N

J,t 0

V̂ 1:N
Jk,t 0 Q̂k,t


), (55)

where J = (j1 · · · jN ) is the multivariate index ranging
over the target mixture components, and the parameters

are given by

α1:N
J,t−1 =

N∏

i=1

αi
ji,t−1 (56)

ŷ1:N
Jk,t = (ŷ1

j1k,t · · · ŷ
N
jN k,t) (57)

â1:N
J,t = (â1

j1,t · · · â
N
jN ,t) (58)

Ŝ1:N
Jk,t = diag(Ŝ1

j1k,t · · · Ŝ
N
jN k,t) (59)

P̂ 1:N
J,t = diag(P̂ 1

j1,t · · · P̂
N
jN ,t) (60)

Û1:N
Jk,t = diag(Û1

j1k,t · · · Û
N
jN k,t) (61)

V̂ 1:N
Jk,t = (V̂ 1

j1k,t · · · V̂
N
jN k,t). (62)

As before, we can obtain any marginal or conditional
of interest from this joint distribution. Of particu-
lar interest is the marginal posterior of the parame-
ter p(θt|y1:t−1, y

1:N
t ). This distribution can be obtained

from the full joint in (55) by first marginalising over the
target states x1:N

t , and then conditioning on the mea-
surements y1:N

t , leading to

p(θt|y1:t−1, y
1:N
t ) =

∑

J

∑

k

γ̃Jk,tN(θt|bJk,t, QJk,t), (63)

with

bJk,t = b̂k,t + V̂ 1:N
Jk,t [Ŝ

1:N
Jk,t]

−1(y1:N
t − ŷ1:N

Jk,t) (64)

QJk,t = Q̂k,t − V̂ 1:N
Jk,t [Ŝ

1:N
Jk,t]

−1V̂ 1:NT

Jk,t (65)

γ̃Jk,t =
α1:N

J,t−1γk,t−1N(y1:N
t |ŷ1:N

Jk,t, Ŝ
1:N
Jk,t)∑

L

∑
m α1:N

L,t−1γm,t−1N(y1:N
t |ŷ1:N

Lm,t, Ŝ
1:N
Lm,t)

.

(66)

Hypothesis Evaluation

Subsequent to measurement gating all the valid joint
hypothesis can be enumerated. These then need to be
substituted into (18) for evaluation, and normalised, to
obtain the posterior joint association probabilities. Sub-
stituting the expressions for the parameter and measure-
ment predictions in (45) and (51), respectively, into (18),
leads to

p(a1:N
t |y1:t) ∝ p(a1:N

t )c(y
C(a1:N

t
)

t )

×
∑

k

γk,t−1

∫
N(θt |̂bk,t, Q̂k,t)

×
N∏

i=1

[∑

j

∑

l

ω̃i
jl,t(θt)N(y

ai

t

t |yi
jl,t(θt), S

i
jl,t)

]
dθt, (67)

7



where we have made the dependency of the measure-
ment prediction parameters on the parameter θt explicit.
The integral in the above expression cannot be solved
analytically, but if we draw sigma-points according to
σ̂θt,k = {ŵn

k,t, θ̂
n
k,t} ∼ N(θt |̂bk,t, Q̂k,t), we can approxi-

mate it using the unscented approximation, leading to

p(a1:N
t |y1:t) ≈ Kp(a1:N

t )c(y
C(a1:N

t
)

t )
∑

k

∑

n

γk,t−1ŵ
n
k,t

×
N∏

i=1

[∑

j

∑

l

ω̃i
jl,t(θ̂

n
k,t)N(y

ai

t

t |yi
jl,t(θ̂

n
k,t), S

i
jl,t)

]
, (68)

where K is the constant that normalises the probabili-
ties. It can be obtained as the reciprocal of the sum over
all the unnormalised posterior joint association proba-
bilities. Once the joint probabilities are computed, the
marginal probabilities for the individual targets can be
easily obtained by suitable marginalisation (summation).

State Filtering

We can now obtain the marginal state filtering distribu-
tion by substituting mixture state filtering distribution
for a target-originated measurement in (47), into the ex-
pression in (15), leading to

p(xi
t|y1:t) =

∑

ai

t

∑

j

∑

k

p(ai
t|y1:t)α̃

i
jk,t(y

ai

t

t )

×N(xi
t|a

i
jk,t(y

ai

t

t ), P i
jk,t),

where we have made the dependency of the parame-
ters of the mixture distribution on the measurement ex-
plicit. This follows from the fact that p(xi

t|a
i
t, y1:t) =

p(xi
t|y1:t−1, y

ai

t

t ). Thus, as required, the new state fil-
tering distribution is again a Gaussian mixture. As is
evident from the expression above the number of mix-
ture components will tend to grow exponentially over
time, so that mixture reduction techniques are required
to make the approach computationally feasible.

Parameter Filtering

In a similar spirit to state filtering we can obtain the
parameter filtering distribution by substituting the mix-
ture parameter filtering distribution for a set of target-
originated measurements in (63), into the expression in

(20), leading to

p(θt|y1:t) =
∑

a1:N

t

∑

J

∑

k

p(a1:N
t |y1:t)γ̃Jk,t(y

a1:N

t

t )

×N(θt|bJk,t(y
a1:N

t

t ), QJk,t),

where we have made the dependency of the parame-
ters of the mixture distribution on the measurements
explicit. This follows from the fact that p(θt|a1:N

t , y1:t) =

p(θt|y1:t−1, y
a1:N

t

t ), under the assumption that clutter
measurements contain no useful information for para-
meter estimation. Thus, as was the case for state fil-
tering, the new parameter filtering distribution is again
a Gaussian mixture. Here also the number of mixture
components will grow exponentially over time, making
mixture reduction techniques necessary.

5. CONCLUSIONS

In this paper we have presented a generic probabilis-
tic framework that solves the sensor registration prob-
lem using targets of opportunity. The derivation of the
framework ensures that the set of existing MTT algo-
rithms can be utilised without any modification. In ad-
dition to this generic probabilistic exposition, we pro-
vide a brief overview of the mixture unscented Kalman
filter, a novel filtering algorithm that could be employed
in such scenarios (or more generally in other contexts).
Simulation results have been deferred to a future journal
publication; it is the intention of this paper to disclose
the framework to the scientific community, with the au-
thors noting that it is our belief that the integrity of the
data association algorithm will determine the quality of
the results1, and not the framework presented.
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1That is not to say that the integrity of the data association algorithm will
guarantee that the results will follow; we postulate that using a sophisticated
data association algorithm (such as multi-frame assignment, for example)
will give better results that a naive (PDAF based, for example) approach.
Finding the correct compromise between computational complexity and al-
gorithmic performance is the top priority. Results that compare the frame-
work based upon different data association techniques are not necessarily
informative about the framework in general.
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