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ABSTRACT

Thispaperproposesnovel particlemethodsfor onlineparam-
eterestimationfor partiallyobserveddiffusions.Weconsider
diffusionsobserved with error undera non-linearmapping
andmultivariatediffusionswhereonly a subsetof the com-
ponentsis observed. Theproposedmethodsrely on thecom-
monly usedideaof dataaugmentationandarebasedon ob-
taining particleapproximationsto the derivativesof the op-
timal �lter . The performanceof our algorithmsis assessed
usingseveral�nancial applications.

1. INTRODUCTION

Many continuoustime phenomenaaremodelledby diffusion
processesgoverned by StochasticDifferential Equations
(SDE).Weconsideracontinuous-timestochasticprocessX t 2
Rn x thatis de�ned asthesolutionof anIto SDEof theform

dX t = a (X t ; t; � ) dt + b(X t ; t; � ) dWt ; (1)

whereWt is a standardBrownianmotionand� 2 � � Rn �

is anunknown parametervector. It is assumedthata andbare
differentiablewith respectto � andsatisfysomefairly general
conditions,which ensurethat (1) hasa uniquesolution [9].
Wewill assumethatX t is observedindirectlythroughasetof
observationsthatareavailableonlyatdiscretetimestn , where
0 � t1 � ::: � tn � T: Basedontheobservationscheme,the
following two broadmodelcategoriesareconsidered:

CategoryA : TheobservationYt n is conditionallyinde-
pendentgivenX t n . We focuson thecasethatthediffusionis
observedwith anerror, underanon-linermapping,i.e.

dX t = a (X t ; t; � ) dt + b(X t ; t; � ) dWt

Yt n = ' � (X t n ; Vt n )
(2)

where' � is a known non-linearfunction andf Vt n gn � 0 is a
sequenceof independentrandomvariables.Typical �nancial
problemsthat fall within this framework includeinterestrate
andoptionpricingmodels.

CategoryB : Theobservation	 t n is anexactobservation
of anotherdiffusionthatis drivenby X t , i.e.

dX t = a (X t ; t; � ) dt + b(X t ; t; � ) dWt

d	 t = c(X t ; t; � ) dt + d (X t ; t; � ) dVt
(3)

whereVt andWt areBrownianmotionswith correlationco-
ef�cient � . Alternatively, this modelcanbe thoughtof asa
diffusionof theextendedstate[X t ; 	 t ], whereonly thesec-
ondcomponentis exactly observedat discretetimestn . This
descriptionincludesstochasticvolatility modelsthat areex-
tensively usedin in �nance for equitypricingandinterestrate
modelling. Note that for this type of modelswe will work
with theobserveddifferenceYt n = 	 t n � 	 t n � 1 .

In both of the above categories,it is generallyimpossi-
ble to computethe likelihoodin closedform. A numberof
approximatemethodshave beenproposedin the literatureto
performparameterestimation;see[14] for a detailedreview.
Simulation-basedtechniquesthat usethe idea of dataaug-
mentationwereproposedin [10], [6]. Morerecently, Bayesian
approachesusingMCMC methodscombinedwith dataaug-
mentationhave beenconsideredby a numberof authors[7],
[8], [1].

Particle �lters is a naturalframework for sequentialstate
estimationin generalstatespacemodels[5]. In general,it
cannotbeapplieddirectlyto themodelsconsideredhere,since
thetransitiondensitiesinvolvedarenotavailableanalytically.
Nevertheless,dataaugmentationcanbeusedto provide suf-
�ciently accurateapproximationsto the unknown transition
densities.Particle�ltering techniquesfor stateinferencebased
on this approachwerediscussedin [3], [4], [11]. Here,we
build on theseideasanddevelop particleapproximationsto
the�rst andsecondderivativesof theoptimal�lter . Thisleads
to approximationsof thegradientandtheHessianof thelike-
lihood that canprovide on-line Maximum Likelihood(ML)
parameterestimatesthroughastochasticgradientmethod.These
methodsextendtheresultsproposedin [13] for parameteres-
timationof discrete-timegeneralstatespacemodels.

1.1. Data augmentation

We illustrate the idea of time discretisationcombinedwith
dataaugmentationusing the diffusion in (1). We consider
a successive pair of observation times f tn ; tn +1 g of length
� = tn +1 � tn ; andintroduceL � 1 equallyspacedlatent
augmentationpoints,sothat

tn < tn +1 =L < tn +2 =L < ::: < tn + L=L = tn +1 :



TheresultantEulerdiscretisationon theaugmentedstatewill
give for � = 1; :::; L;
X t n + � =L = X t n +( � � 1) =L + a

�
X t n +( � � 1) =L ; tn +( � � 1)=L ; �

�
�

+ b
�
X t n +( � � 1) =L ; tn +( � � 1)=L ; �

� p
� wt n +( � � 1) =L (4)

where� = � =L and wt n +( � � 1) =L

i.i.d.� N (0; 1): For clarity
of presentation,we simplify the notationby settingX n;� =
X t n + � =L ; with X n +1 = X n;L andX n = X n; 0 = X n � 1;L .
The transitiondensityof the diffusion processbetweentwo
successive observationtimescannow beapproximatedas

f L
� (xn +1 jxn ) =

Z LY

� =1

f � (xn;� jxn;� � 1) dxn;L � 1� :::� dxn; 1;

wheref � (xn;� jxn;� � 1) is a Gaussiandensityobtainedfrom
(4). In principle, a suf�ciently large value for L can make
the discretisationerror arbitrarily small. Therefore,asL !
1 , f L

� (xn +1 jxn ) will converge towardsthe exact transition
densityf �

� (xn +1 jxn ) [10].

2. PARTICLE METHODS FOR THE FILTER
DERIVATIVES

Usingthepreviousnotation,we de�ne xn +1 to bethevector
containingtheaugmentationpointsof thestatediffusionbe-
tweenobservation timestn andtn +1 , i.e. xn +1 = x t n +1 =
[xn; 1; xn; 2; :::; xn;L ], wherexn;L = xn +1 = x t n +1 :

We �rst considerthegeneralcaseof Category B models,
wheretheobservation densitydependson thediffusionpath
betweenobservation timestn andtn +1 anddenotethis den-
sity by g� (Yn +1 jxn +1 ). The optimal �ltering densityw.r.t.
xn +1 canbeexpressedas1

p� (xn +1 jY0:n +1 ) ,
� (xn +1 ; Y0:n +1 )R

� (xn +1 ; Y0:n +1 ) dxn +1
; (5)

wheretheunnormaliseddensity� (xn +1 ; Y0:n +1 ) is givenby

� (xn +1 ; Y0:n +1 ) = g� (Yn +1 jxn +1 )
Z

f � (xn +1 jxn )p� (xn jY0:n )dxn

(6)
Underregularity assumptions,the�rst derivative of (5) satis-
�es thefollowing recursion,

r p� (xn +1 jY0:n +1 ) =
r � � (xn +1 ; Y0:n +1 )R

� � (xn +1 ; Y0:n +1 ) dxn +1

� p� (xn +1 jY0:n +1 )

R
r � � (xn +1 ; Y0:n +1 ) dxn +1R
� � (xn +1 ; Y0:n +1 ) dxn +1

; (7)

where

r � � (xn +1 ; Y0:n +1 ) = g� (Yn +1 jxn +1 )
Z

f � (xn +1 jxn )p� (xn jY0:n )

� [r logg� (Yn +1 jxn +1 ) + r log f � (xn +1 jxn )] dxn

+ g� (Yn +1 jxn +1 )
Z

f � (xn +1 jxn )r p� (xn jY0:n )dxn : (8)

1Notation:for any sequencezk , wede®nezi : j = (zi ; zi +1 ; : : : ; zj ) :

Similarexpressionscanbeobtainedfor r 2p� (xn +1 jY0:n +1 ).
Beforewe describeour particlemethods,we remarkthat an
extensionof the standardparticle�ltering approachthat ap-
proximatesr p� (xn +1 jY0:n +1 ) by marginalisationof thepar-
ticle approximationto r p� (x0:n +1 jY0:n +1 ); will suffer from
pathdegeneracy, amongotherlimitations. Suchanapproach
fails to provide properapproximationsfor a �x ednumberof
particlesandasa result,theapproximationerror tendsto in-
creasewith the datalength;see[12] for details. Here we
considerdirectparticleapproximationsto r p� (xn +1 jY0:n +1 )
andr 2p� (xn +1 jY0:n +1 ) thatdonotsuffer fromsuchlimitations.

2.1. Particle Approximations

At time n, we assumethat thefollowing particleapproxima-
tionsfor p� ( xn j Y0:n ) andr p� ( xn j Y0:n ) areavailable,

bp� ( xn j Y0:n ) =
NX

i =1

ea( i )
n �

�
xn � X

( i )
n

�
; (9)

cr p� ( xn j Y0:n ) =
NX

i =1

ea( i )
n � ( i )

n �
�

xn � X
( i )
n

�
; (10)

Substitutionof theseapproximationsinto (6), (8) leadsto the
following pointwiseapproximations

e� � (xn +1 ; Y0:n +1 ) = g� (Yn +1 jxn +1 )

"
LY

� =2

f � (xn;� jxn;� � 1)

#

�
NX

k=1

ea(k )
n f �

�
xn; 1jX (k )

n � 1;L

�
, (11)

fr � � (xn +1 ; Y0:n +1 ) = g� (Yn +1 jxn +1 )

"
LY

� =2

f � (xn;� jxn;� � 1)

#

�
NX

k=1

ea(k )
n f �

�
xn; 1jX (k )

n � 1;L

� h
r logg� (Yn jxn ) + � (k )

n

+ r log f �

�
xn; 1jX (k )

n � 1;L

�
+

LX

� =2

r log f � (xn;� jxn;� � 1)

#

:

(12)

Usinganappropriateimportancedensityof theform

q� ( xn +1 j Y0:n +1 ) =
NX

i =1

� ( i )
n +1 q�

�
�j Yn +1 ; X

( i )
n

�
(13)

we thenobtainnew particlevectorsX
( i )
n +1 in two steps:First,

wesamplethediscreteindex i basedontheweights� ( i )
n +1 ; us-

ing a standardresamplingalgorithm.Thenew particlevector

X
( i )
n +1 =

h
X ( i )

n; 1; X ( i )
n; 2; :::; X ( i )

n;L

i
is generatedaccordingto

X
( i )
n +1 � q�

�
�j Yn +1 ; X

' ( i )
n

�
;

where' (i ) is thediscreteindex obtainedfrom theresampling
mechanism.For adetaileddiscussiononthechoiceof impor-
tancedensitiessee[12].



Evaluatingthepointwiseapproximationsin (11) and(12)
at thenew particlevectorsyieldstheparticleapproximations

b� � (xn +1 ; Y0:n +1 ) =
1
N

NX

i =1

a( i )
n +1 �

X ( i )
n +1

(xn +1 ); (14)

cr � � (xn +1 ; Y0:n +1 ) =
1
N

NX

i =1

� ( i )
n +1 �

X ( i )
n +1

(xn +1 ); (15)

where

a( i )
n +1 =

e� �

�
X

( i )
n +1 ; Y0:n +1

�

q�

�
X

( i )
n +1 jY0:n +1

� ; � ( i )
n +1 =

fr � �

�
X

( i )
n +1 ; Y0:n +1

�

q�

�
X

( i )
n +1 jY0:n +1

� :

Finally, substitutionof (14)and(15) into (5) and(7) givesthe
following updatedweightsfor theparticleapproximationsof
theoptimal�lter andits �rst derivative,

ea( i )
n +1 =

a( i )
n +1

P N
j =1 a( j )

n +1

; ea( i )
n +1 � ( i )

n +1 =
� ( i )

n +1
P N

j =1 a( j )
n +1

� ea( i )
n +1

P N
j =1 � ( j )

n +1
P N

j =1 a( j )
n +1

:

Particle approximationsfor r 2p� (xn +1 jY0:n +1 ) can be ob-
tainedin asimilar fashion.

3. ML PARAMETER ESTIMATION

In real world applications,the true parameter� � that gener-
atedthe dataY0:n +1 is unknown. This canbe estimatedby
maximisingthelog-likelihoodfunction

L � (Y0:k+1 ) = logp� (Y0:k+1 ) =
kX

n =0

logp� (Yn +1 jY0:n )

where p� (Yn +1 jY0:n ) =
RR

g� (Yn +1 jxn +1 )f � (xn +1 jxn )
� p� (xn jY0:n )dxn :n +1 =

R
� � (xn +1 ; Y0:n +1 )dxn +1 :

(16)
Thiscanleadto batchML parameterestimatesusingasimple
gradientascentalgorithm.In thispaperwefocusontheonline
case,whereunderregularityassumptions,onehas

1
k + 1

L � (Y0:k+1 ) ! L (� ) ; where

L (� ) =
Z Z

Rq �P (Rp )
log

� Z
g� ( yj x) � (x) dx

�
� � ;� � (dy; d� ) :

HereP (Rp) is the spaceof probability distributionson Rp

and� � ;� � (dy; d� ) is thejoint invariantdistributionof thecou-
ple (Yk ; p� (xk+1 jY0:k )) . Note that it dependson both � and
thetrueparameter� � . MaximisingL (� ) correspondsto min-
imising theKullback–Leiblerinformationmeasure

K (� ; � � ) , L (� � ) � L (� ) � 0:

To optimisethis costfunction,we usea Recursive Maximum
Likelihood (RML) approachthat is basedon the following
stochasticgradientalgorithm,

� n +1 = � n � 
 n +1 H
� 1
n +1

P N
j =1 � ( j )

n +1
P N

j =1 a( j )
n +1

; (17)

where� n is theparameterestimateat time n, 
 n +1 is a pos-
itive non-increasingstep-size,such that

P
n 
 n = 1 and

P
n 
 2

n < 1 and
P N

j =1 � ( j )
n +1

. P N
j =1 a( j )

n +1 is the particle

approximationof r logp� 0: n (Yn +1 jY0:n ), basedon the gra-
dientof (16) andthecomputationsof Section2.1. The term
H n +1 is theHessianestimatethatcanbecomputedusingthe
particleapproximationsof r 2p� (xn +1 jY0:n +1 ); see[12].

3.1. Impr ovedmethod for CategoryA diffusion models

In theabovemethod,thedimensionof thestatevectorxn +1 is
equalto thelengthof dataaugmentationL . This impliesthat
for a �x ednumberof particlesN , an increasein L to elimi-
natethediscretisationbiasleadsto anincreasein thevariance
of theestimates.In general,in orderto maintainagivenlevel
of accuracy, N hasto increasefasterthan L [4], [3]. For
categoryA diffusionmodels,theobservationdensitydepends
only onthestatevalueateachobservationtimeandnotonthe
entirepathbetweensuccessive observation times. In sucha
case,oneis interestedin themarginalsp� (xn +1 jY0:n +1 ) and
r p� (xn +1 jY0:n +1 ). Insteadof obtainingtheseby marginalis-
ing bp� ( xn +1 j Y0:n +1 ) and cr p� ( xn +1 j Y0:n +1 ), weproposea
moreaccuratemethodthatis basedon theintegrationof each
augmentationpointusinga pointwiseapproach.This implies
thattheparticleswill directlyapproximatethemarginaldensi-
tiesandtheirderivativesandwill thereforehavea lowervari-
ance. Due to spacelimitations, the derivation of this algo-
rithm is omitted;see[12] for details.

4. APPLICATIONS

4.1. StochasticVolatility model

We �rst considerthefollowing StochasticVolatility model
dX t = � (� � X t )dt + � dWt

dYt = ! exp(X t ) dt + exp(X t =2) dVt :

whereVt andWt are independentBrownian motions. Syn-
theticdatabasedon anobservationinterval � = 5 weregen-
eratedusing ! = 0, � = 0:05, � = � 0:6 and � = 0:17:
Figure1 shows examplesof the estimatesobtainedfor � =
f �; � g usingdifferentnumberof particlesN andaugmenta-
tion pointsL . Thediscretisationbiasfor � is very small. For
� we observe thatasL increasesto reducethediscretisation
biasandN alsoincreasesto maintainasuf�ciently goodpar-
ticle approximationto thederivativesof theoptimal�lter , the
estimatesconvergeto theneighbourhoodof thetruevalue.

4.2. Cox-Ingersoll-Ross(CIR) model

Considerthefollowing CIR model[2] observedwith anerror,

dr t = � (� � r t )dt + �
p

r t dWt ;
Yt n = r t + � v Vt n ; Vt n � N (0; 1) :

(18)

whereWt is astandardBrownianmotion.Syntheticdatawere
generatedusingthe trueparametervalues� = 0:2; � = 2:5
and � =

p
0:05 to matchthe examplein [7]. Note that in
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Fig. 1. Recursive parameterestimatesfor theSV model.The
trueparametervalueswere� � = � 0:6; � � = 0:17:

order to ensurethat r t remainspositive after the Euler dis-
cretisation,we work with the transformationX t = logr t .
Our secondalgorithmfor Category A modelswasemployed
to estimatetheunknown parameter� = f �; � g. Resultsare
shown in Figure2, for � = 5 and� v = 0:3: Thesearebased
onN = 200particles.Theimprovementusingmoreparticles
andmoreaugmentationpointswasmarginal. Theplotscon-
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Fig. 2. Recursiveparameterestimatesfor theCIR model.The
trueparametervalueswere� � = 2:5; � � = 0:22.

�rm thatasL increases,theparameterestimatesapproachthe
truevalues,for thesamenumberof particles.Thediscretisa-
tion biasfor � is very small, while that for � is suf�ciently
reducedwith 5 augmentationpoints.

5. DISCUSSION

This paperhasinvestigatedthe problemof online parameter
estimationof partially-observed diffusion models. Particle
methodsfor the �rst and secondderivatives of the optimal
�lter weredeveloped,basedonadataaugmentationapproach
that reducesthe discretisationbias as the numberof latent
augmentationpointsincreases.The�lter derivativesapproxi-
mationsareusedto computeapproximationsto thegradients
of thelikelihoodandprovide onlineML parameterestimates
via agradientascentalgorithm.Ourapproachavoidspathde-
generacy problemsat thecostof a computationalcomplexity
thatis quadraticin thenumberof particles.Simulationresults
demonstratedtheeffectivenessof theproposedmethods.

6. REFERENCES

[1] Chib, S., Pitt, M. K., and Shephard,N. (2004). Likelihood
basedinferencefor diffusionmodels.EconomicsPapers2004-
W20,Nuf®eld College,Universityof Oxford

[2] Cox,J.C.,Ingersoll,J.E.andRoss,S.A.(1985)A theoryof the
termstructureof interestrates.Econometrica, 53,385–407.

[3] Crisan,D., Del Moral, P., andLyons,T. J. (1999).Interacting
particlesystemsapproximationsof the Kushner-Stratonovich
equation.Advancesin AppliedProbability, 31:819-838.

[4] Del Moral, P., Jacod, J., and Protter, P. (2001). The
Monte-Carlo method for ®ltering with discrete-time
observations.Probab.TheoryRelatedFields, 120(3):346-368.

[5] DoucetA., Godsill S.J.andAndrieuC. (2000)On sequential
MonteCarlosamplingmethodsfor Bayesian®ltering, Statist.
Comput., vol. 10,pp.197-208.

[6] Durham, G. B. and Gallant, A. R. (2002) Numerical tech-
niquesfor maximumlikelihoodestimationof continuous-time
diffusionprocesses.J. Bus.Econ.Statist., 20,297–338.

[7] Elerian,O., Chib, S. andShephard,N. (2001)Likelihoodin-
ferencefor discretelyobserved nonlineardiffusions. Econo-
metrica, 69,959–993.

[8] Eraker, B. (2001)MCMC analysisof diffusion modelswith
applicationto ®nance.J. Bus.Econ.Statist., 19,177–191.

[9] Øksendal,B. (1995)StochasticDifferentialEquations:An In-
troductionwith Applications, Springer-Verlag,Berlin.

[10] Pedersen,A. R. (1995). A new approachto ML estimation
for stochasticdifferential equationsbasedon discreteobser-
vations,ScandinavianJournalof Statistics22: 55–71.

[11] Pitt,M. K. (2002)Smoothparticle®ltersfor likelihoodevalua-
tion andmaximisation,TechnicalReport,Departmentof Eco-
nomics,WarwickUniversity, Coventry, U.K.

[12] Poyiadjis, G. (2006)Particle Methodsfor ParameterEstima-
tion in generalstatespacemodels,Ph.D. thesis(submitted),
EngineeringDepartment,Universityof Cambridge.

[13] Poyiadjis, G., Doucet,A. andSingh,S. S. (2005)Maximum
likelihoodparameterestimationin GeneralState-SpaceMod-
elsusingParticleMethods,Proc of theAmericanStat.Assoc.

[14] Sørensen,H. (2004) Parametricinferencefor diffusion pro-
cessesobserved at discretepointsin time: a survey. Interna-
tional StatisticalReview, 72(3):337–354.


