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ABSTRACT

This papermproposesovel particlemethoddor onlineparam-
eterestimationfor partially obseneddiffusions.We consider
diffusions obsened with error undera non-linearmapping
and multivariatediffusionswhereonly a subsetof the com-
ponentss obsenred. The proposednethodgely onthe com-
monly usedideaof dataaugmentatiorand are basedon ob-
taining particle approximationdo the derivatives of the op-
timal Iter. The performanceof our algorithmsis assessed
usingseveral nancial applications.

1. INTRODUCTION

Many continuougime phenomenaremodelledby diffusion
processesgoverned by Stochastic Differential Equations
(SDE).We considelacontinuous-timatochastiprocess(; 2
R« thatis de ned asthesolutionof anlto SDE of theform

dXi = a(Xg;t )dt+ b(X¢;t; ) dW; 1)

whereW, is a standardBrownianmotionand 2 R"
isanunknavn parametevector It isassumedhata andbare
differentiablewith respecto andsatisfysomefairly general
conditions,which ensurethat (1) hasa uniquesolution[9].
Wewill assumehatX is obseredindirectlythrougha setof
obsenationsthatareavailableonly atdiscretdimest, , where
0 t; @ t, T:Basedontheobserationschemethe
following two broadmodelcateyoriesareconsidered:
Category A : Theobseration;, is conditionallyinde-
pendengiven X, . We focuson the casethatthe diffusionis
obseredwith anerror, underanon-linermapping,.e.

dX¢ = a(Xy;t )dt+ b(X¢t;
Yi, = (X, i Wy,)

) W @

where' is aknown non-linearfunctionandfV, g, ,isa
sequencef independentandomvariables.Typical nancial
problemsthatfall within this framework includeinterestrate
andoptionpricing models.

Category B : Theobsenration , isanexactobsenration
of anothediffusionthatis drivenby X, i.e.

dXi = a(Xy;t; )dt+ b(Xy;t; ) dW

d o= c(Xit )dt+ d(X it )dv @)

whereV, andW; areBrownian motionswith correlationco-
efcient . Alternatively, this modelcanbe thoughtof asa
diffusion of the extendedstate[X; ], whereonly the sec-
ondcomponents exactly obseredat discretetimest,,. This
descriptionincludesstochastiovolatility modelsthat are ex-
tensvely usedin in nance for equitypricingandinterestrate
modelling. Note that for this type of modelswe will work
with theobsereddifferenceY;, = , th -

In both of the above catayories, it is generallyimpossi-
ble to computethe likelihoodin closedform. A numberof
approximatemethodshave beenproposedn the literatureto
performparameteestimation;see[14] for a detailedreview.
Simulation-basedechniqueghat usethe idea of dataaug-
mentationvereproposedn [10], [6]. Morerecently Bayesian
approachesisingMCMC methodscombinedwith dataaug-
mentationhave beenconsideredy a numberof authors[7],
(81, [1].

Particle Iters is a naturalframework for sequentiaktate
estimationin generalstatespacemodels[5]. In general,it
cannotbeapplieddirectlyto themodelsconsideredhere since
thetransitiondensitiesnvolvedarenot availableanalytically
Neverthelessdataaugmentatiortan be usedto provide suf-
ciently accurateapproximationgo the unknavn transition
densitiesParticle Itering techniquegor stateinferencebased
on this approachwerediscussedn [3], [4], [11]. Here,we
build on theseideasand develop particle approximationgo
the rst andsecondlerivativesof theoptimal lter . Thisleads
to approximation®f the gradientandthe Hessiarof thelik e-
lihood that can provide on-line Maximum Likelihood (ML)
parameteestimateshroughastochastigradientmethod.These
methodsxtendtheresultsproposedn [13] for parametees-
timation of discrete-timegeneraktatespacemodels.

1.1. Data augmentation

We illustrate the idea of time discretisationcombinedwith
dataaugmentatiorusing the diffusion in (1). We consider
a successie pair of obsenationtimesfty;t,+1 g of length

= th+1 tp; andintroducel 1 equallyspacedatent
augmentatiompoints,sothat

th < the1=L < thso= < i<tpii=L = thet:



Theresultantulerdiscretisatioron theaugmentedtatewill

givefor = 1;::L;
Xtrw I th+( 1) =L +ta Xtm( 1) =L ;tﬂ"'( 1)=L>

+b th+( 1) =L ;tn+( l)ZL; _W'[n+( 1)=L (4)
where = =L andw , N (0; 1): For clarity

of presentationye simplify the notationby settingX,. =
th+ ot with Xp4+1 = Xn;L andX, = Xn;O = Xp 1L -
The transitiondensityof the diffusion processhetweentwo
successie obsenationtimescannow beapproximateds
Z v
ft (Xn+ajXn) = f(Xn; Xn;
=1

1) an;L 1 an;l;

wheref (Xn. jXn. 1) is a Gaussiardensityobtainedfrom
(4). In principle, a sufciently large valuefor L canmake
the discretisatiorerror arbitrarily small. Therefore,asL !
1, fL (Xn+1jXn) Will converge towardsthe exacttransition
densityf  (Xp+1jXn) [10].

2. PARTICLE METHODS FOR THE FILTER
DERIVATIVES

Usingthe previous notation,we de ne X,+; to bethevector
containingthe augmentatiorpointsof the statediffusion be-
tweenobsenrationtimest, andt,+1,i.e. Xn41 = Xi,,, =
[Xn;1;Xn;2; 55 XnL ], WhereXnL = Xne1 = Xt

We rst considerthe generalcaseof Category B models,
wherethe obsenation densitydependson the diffusion path
betweenobsenationtimest,, andt,+; anddenotethis den-
sity by g (Yn+1 jXn+1). The optimal ltering densityw.r.t.
Xn+1 Canbeexpressedis

(Xn+1; Youn+1)
(Xn+1; Yonse1 ) OXnea

p (Xn+1jY0:n+1) ’ R (5)

wherethe unnormalisedjensityz(inﬂ ; Yo:n+1 ) IS givenby

(Xn+1;Yon+1) = 9 (Yn+1jXn+1) T (Xn+1jXn)P (XnjYo:n)dX,
(6)

Underregularity assumptiongthe rst derivative of (5) satis-
es thefollowing recursion,

I (Xn+1; Yoin+1)

(Xn+1 ;YO:n+l ) an +1
(Xn+1 3 Yo:n+1) OXn+1

(Xn+1; Youn+1 ) dXnag

rp(XnsjYonsr) = R

P (Xn+1jYon+1) R y ()

where
Z

(Xn+1:Yon+1) = 9 (Yn+1jXn+1) T (Xn+1i%n)Pp (XnjYon)
[r logg (Yn+1£xn+l) + 1 logf (Xn+1jXn)] dXpy

+ 0 (Yn+1jXn+1) T (Xn+1jXn)r P (XnjYo:n)dXn: (8)

INotation:for ary sequence, , we de®nez = (Ziziv i zp):

Similar expressionsanbeobtainedor r 2p (Xn+1jYon+1)-
Beforewe describeour particle methodswe remarkthatan
extensionof the standardparticle Itering approachthat ap-
proximates p (Xn+1]jYo:n+1 ) by maginalisationof the par
ticle approximationto r p (Xo:n+1 j Yo:n+1 ); Will suffer from
pathdegenerayg, amongotherlimitations. Suchanapproach
fails to provide properapproximationdor a x ed numberof
particlesandasa result,the approximatiorerror tendsto in-
creasewith the datalength;see[12] for details. Here we
considedirectparticleapproximationsor p (Xn+1jYo:n+1)
andr 2p (Xn+1jYon+1 ) thatdonotsufier from suchlimitations.

2.1. Particle Approximations

At time n, we assumehatthefollowing particleapproxima-
tionsforp (Xnj Yo:n) andr p (Xnj Yo:n) areavailable,
X Xy

af) ©)

i=1

b (an YO:n) =

€p (RniYon) = &) 0 % X\
i=1

(10)

Substitutionof theseapproximationsnto (6), (8) leadsto the
following pointwiseapproximations, #

e (Xn+l ;YO:n+l) =9 (Yn+len+l) f (Xn; an; l)

=2
a®f  xnaix . A1)
k=1
" #
. \L .
rf (Xn+1 3 Yon+1) = 9 (Yn+1JXn+1) f Xn: X0 1)
=2
) h
e xaX 9 1 logg (Yaixa) + $O
k=1 #
+1 logf  xpajX ¥ + 1 logf (Xn jXn 1)
=2
(12)
Usinganappropriatémportancedensityof theform
g (Xn+1] Yon+1) = r(1i21 g jYau ;YS) (13)

i=1

we thenobtainnew particlevectorsff:,{l in two steps:First,
(1)

we samplehediscreteindex i basedntheweights |}, ; us-
ing a stadardesamplingalgosithm. The new particlevector

X = X 8x s x 8 is generatediccordingto
+ ()

. - ()
X+ g JVYne; Xy ;

where' (i) isthediscreténdex obtainedrom theresampling
mechanismFor adetaileddiscussioronthechoiceof impor
tancedensitiessee[12].



Evaluatingthe pointwiseapproximationsn (11) and(12)
atthenew particlevectorsyieldstheparticleapproximations

I
b (Xn+1; Youn+1) = N aﬁ'il XU, (Xn+1);

(14)
i=1
- . _ 1 0) N
i (Xn+1; Yon+1) = N n+l X (Xn+1);  (15)
i=1
where ) P
0 X1 Yo+t 0 X1 Yon+1
aﬁ+l = —(i) ; n+1 = ()

g XpiYon+1 g X iYon+1
Finally, substitutionof (14) and(15) into (5) and(7) givesthe
following updatedwveightsfor the particleapproximationof
theoptimal Iter andits rst deriative,

0 (M) PN )

(i) _ S+ () () __ n+l (i) ~j=1 n+l
@ni1= N () 81 n1 =P N ) 8,4 P N (i)
j=1 %n+1 j=1 %n+1 j=1 %n+1

Particle approximationgor r 2p (Xn+1jYon+1 ) canbe ob-
tainedin asimilarfashion.

3. ML PARAMETER ESTIMATION

In realworld applicationsthe true parameter thatgener
atedthe dataYp.n+1 is unknavn. This canbe estimatedby
maximisingthelog-likelihoodfunction

L (Yok+1) = logp (Yok+1) = logp (Yn+1 jYon)
n=0
where p (Yn+1]Yon) = R 9 (Yn+1JXn+1)f (Xn+1)Xn)
P (XnjYo:n)dXn:n+1 = (Xn+1; Yo:n+1 )0Xn+1 -

(16)

This canleadto batchML parameteestimatesisingasimple

gradientascenalgorithm.In thispapemwe focusontheonline
casewhereunderregularity assumptionsonehas

1
m'— (Yok+1) ! L();
ZZ Z

L()= log
RIP (RP)

where

g (vix) (x)dx

HereP (RP) is the spaceof probability distributions on RP
and . (dy;d )isthejointinvariantdistributionof thecou-
ple (Yx;p (Xk+1]Yo:k)). Notethatit dependnboth and
thetrueparameter . MaximisingL ( ) correspond$o min-
imising the Kullback—Leiblerinformationmeasure

K(; ), LC) L() O

To optimisethis costfunction,we usea Recursie Maximum
Likelihood (RML) approachthat is basedon the following

stochastigradientalgorithm, Py )
j=1 n+l1 |
N a
j=1 “n+1

n+l = n n+1qn+11 (17)

(dy;d ):

where , is the parameteestimateattimg,n, n+1 IS apos-

itive non-increasingstep-size,suchthat n n =1 and
s 2<1loand L U 7N al) s the particle

approximationof r logp ., (Yn+1jYo:n), basedon the gra-
dientof (16) andthe computation®f Section2.1. Theterm
H 41 istheHessiarestimatehatcanbe computedusingthe
particleapproximation®f r 2p (Xn+1 jYon+1 ); se€[12].

3.1. Improved methodfor Category A diffusion models

In theabore methodthedimensiorof thestatevectorx, +; is
equalto thelengthof dataaugmentatiorh.. Thisimpliesthat
for a x ednumberof particlesN, anincreasdn L to elimi-
natethediscretisatiorbiasleadsto anincreasen thevariance
of theestimatesIn generaljn orderto maintaina givenlevel
of accurag, N hasto increasefasterthanL [4], [3]. For
catgory A diffusionmodelstheobsenationdensitydepends

. only onthestatevalueateachobserationtime andnotonthe
" entire path betweensuccessie obsenationtimes. In sucha

caseoneis interestedn the maminalsp (Xn+1 jYo:n+1 ) and
r p (Xn+1jYon+1 ). Insteaddf obtainingtheseby maginalis-
ing b (Yn +1 ] YO:n +1 ) andi p (Yn +1 ] YO:n +1 ): weproposea
moreaccuratenethodthatis basedntheintegrationof each
augmentatiompoint usinga pointwiseapproachThisimplies
thattheparticleswill directlyapproximatehemarginaldensi-
tiesandtheir dervativesandwill thereforehave alower vari-
ance. Due to spacelimitations, the derivation of this algo-
rithm is omitted;seg[12] for details.

4. APPLICATIONS
4.1. StochasticVolatility model

We rst considerthefollowing Stochasti¢/olatility model
dXt = ( Xt)dt + th
dY; = ! exp(X¢) dt + exp(X{=2)d\4:

whereV; andW; areindependenBrownian motions. Syn-
theticdatabasedn anobserationinterval = 5weregen-
eratedusing! = 0, = 005 = O06and = 017
Figure 1 shaovs examplesof the estimatewbtainedfor =
f; gusingdifferentnumberof particlesN andaugmenta-
tion pointsL. Thediscretisatiorbiasfor is very small. For
we obsere thatasL increaseso reducethe discretisation
biasandN alsoincreaseso maintaina sufciently goodpar
ticle approximatiorto the derivativesof theoptimal Iter , the
estimatesonvergeto the neighbourhooaf thetruevalue.

4.2. Cox-Ingersoll-Ross(CIR) model

Considetthefollowing CIR model[2] obseredwith anerror,

dr;
Yy

P rraw;
N (0;1):

( re)dt+
re+ vW,» Vi,

(18)
whereW, is astandardrownianmotion. Syntheticdatawere
generateqjsingthetrueparametelvalues =02 =25
and =  0:05to matchthe examplein [7]. Note thatin
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Fig. 1. Recursie parameteestimategor the SV model. The
trueparametewvalueswere = 0:6; = 0:17:

orderto ensurethat r; remainspositive after the Euler dis-
cretisation,we work with the transformationX; = logr;.
Our secondalgorithmfor Category A modelswasemplgred
to estimatethe unknavn parameter = f ; g. Resultsare
shavnin Figure2,for = 5and , = 0:3: Thesearebased
onN = 200particles.Theimprovementusingmoreparticles
andmoreaugmentatiompointswasmamginal. The plots con-
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Fig. 2. Recursie parameteestimatesor the CIR model. The
trueparametewalueswere = 2:5; = 0:22

rm thatasL increasestheparameteestimatesapproactihe
true values for the samenumberof particles. Thediscretisa-
tion biasfor is very small, while thatfor is sufciently
reducedwith 5 augmentatiomoints.

5. DISCUSSION

This paperhasinvestigatedthe problemof online parameter
estimationof partially-obsered diffusion models. Particle
methodsfor the rst and secondderivatives of the optimal
Iter weredevelopedbasednadataaugmentatiompproach
that reducesthe discretisationbias as the numberof latent
augmentatiomointsincreasesThe Iter derivativesapproxi-
mationsareusedto computeapproximationgo the gradients
of thelikelihoodandprovide online ML parameteestimates
via agradientascentlgorithm.Ourapproactavoidspathde-
generayg problemsat the costof a computationatompleity
thatis quadratidan thenumberof particles.Simulationresults
demonstratethe effectivenesf the proposednethods.
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