4F7 Examples Sheet 1 Corrections

1.
= 57 ) B o= [ ]

E {efmn = F {d2 (n)} — hEPtE {u (n) u’ (n)} hpt
= 0.75.

2. Autocorrelation function F {u (k) u (1)}:

on = E{u*(n)}= E{(au(n— 1) +v(n))2}

= PE{*(n—-1)}+E{v*(n)}

— 2 2 2
= a0, + o0,

= o.=o02/(1-a%).
Then one has
E{u(n)u(n—1)}=aE{u’(n—1)} =aoc..
And similarly one obtains
E{u(k)u()} = a2,
Cross-correlation function E {d (k) u (I)}:

E{dk)ul)}y = E{(u(k)+wk)u()}
E{u(k)u()} + E{w (k) u(l)}
E{u(k)u(l)}-

h,,t minimizing the mean square error:
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(Given the model, the result is obvious.) Power of the residual error, i.e.
J (hopt):
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Given the model, the result is obvious too.

. Proving
i I-pA)* (1)
One has -
(I-pA) = (I-pQ'AQ)
Q' (I-uA)Q

and clearly

(I-pA)" =QT(I-pA)"Q
= Y (- pA)* = QF (L, (- un)') Q.
The matrix (I — uA)k is a diagonal matrix of i*" diagonal element given

by (1— ,u)\i)k . As the matrix is definite positive, one has A; > 0 and if p
is small enough then |1 — pA;| < 1. Tt follows that
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thus
' (Z I- MA)k> Q = pxp'Q'AT'Q
k=0
= AL
Establishing the convergence of the SD algorithm initialized at h (0) = p:

hopt = R_lp
S
k=0

It can be checked easily that the SD algorithm initialized with h (0)=p
is a simple algorithm computing at time n

n)=py (I-uR)"p
k=0



Indeed one has

h(n) = h(n-1)+u[p—Rh(n-1)]

= (I-pR)h(n—1)+pup
n—1

= p>_ (I—pR)* ' ptup
k=0

= MZ I—,uR
k=0
1-\ &

det (R-AT) = | o Lo ’:()\—1)2—62.

It follows that the eigenvalues are given by Apin = 1—0 and Apax = 1+6.
As 6 — 1, one has
)\max
)\min
and the rate of convergence of SD decreases.
Here are the plots for h (0) = [ 0.3 0 ]T7 w=0.1andd € {0.9,0.5,0.1}.
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5. In both cases, we need to compute E {u2 (n)} For the FIR filter, one has

L—1 2
cicor - o[ )
=0
L—1
= Z B {v* (n—1i)}
i=0

L—1
_ 2 2
= o, E o | .
i=0



For the IIR filter, one has
w(m)u(n — 1) — asF (u(n)u(n—2)) = E(un)v(n))

) = azry (2) = o3;

E (u*(n)) — a1 E(
< 1y (0) —agry (1
E(u(n—1)u(n))
< 1y (1) —ayry, (0) — agry, (1) = 0,
E(u(n—2)u(n)) -

(1

S 1y (2) —arry (1) — agry, (0) = 0.

It follows that

[ 1 —aq —as ] [ 74 (0) } [ o2 }
—a; l—ay O ry (1) | = 0 |.
—ay  —aq 1 ry (2) 0

Solving for r, (0), 7, (1) and r, (2) one obtains

02

o (0) = E {u* (n }_(1+a2)(1—a2;}2—a?

—aiE(u(n—1Nu(n—-1)—aEun—-—1un—-2)=E(um-1)v(n

amEun—2)un—-1)—aEun—-—2u(n—2))=Ewn—2)vn))



