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1 Parametric methods: The MA Model (P = 0)

e The MA model is a FIR filter driven by white noise. The Yule-Walker
equations simplifies to

Ry x[0] co
RXX“] _ Cl (1)
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e However the solution of this equation is not trivial since the ¢;, given
in a previous lecture, is the convolution of the MA coefficients b, and
the impulse response of the ARMA model

e The ARMA model impulse response IS
Causal
Z o wp—m = = Z hom Wp—m
m=—00

e Comparing with the MA model, Zm:() by Wrn—m, We see that h; = b;



e Using h; = b;, the expression for ¢, given before may be rewritten as:

o — {Z?r bg bg—r ?f r<qQ (2)
0 ifr>qQ
e (2) is valid for negative r too and for r < 0
Cr = Cly,
e The convolution of the following two infinite sequences

.0, by, by, ... D0, 0, ...
... 0, bQ, ... by, bg, O,

gives ¢p, i.e. ¢ = ({b—_n} * {bn}) (r)



o Let Z ({xn}) = D272° 227" be the ‘bilateral” z-transform of the

sequence {xn}

Q
Z Clr| 2 =Z({bn} *{b-n}) (3)
r=—Q
= B(2)B(z™") (since Z{b_p} = B(z" 1))

and substituting for ¢, from equation 1:

@
B(z)B(z"")= Y Rxxllrllz"" (5)
r=—@
e Let the zeros of B(z), {2 € C: B(z) = 0}, be ny,no,...,ng. Then,
it is obvious that nl_l, n2_1, . ,nél are the zeros of B(z~1).

e The zeros of B(z)B(z1) are {n;, nz-_l}ZQ:l
[f a zero n; lies inside (or on) the unit circle, then the corresponding
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inverse zero 1/n; lies outside (or on) the unit circle

e Technical condition: assume all the zeros of B(z) lie inside the unit
circle so that the MA process is invertible. Invertible means you can
express wy, using x, and its past values.

e Now identify the zeros of B(z) by finding the zeros of the RHS of (5)
that lie within the unit circle.



e Once we have the roots n; of B(z) it is straightforward to reassemble
B(z) from the zeros, up to an unknown scale factor g

e You can always write B(z) = by + b1zt + boz 2 4 -+ + bQZ_Q as

Q
B(z)=g]](1—2""n)
i=1

= g(by+ bz +bha TP+ + by @)
with b6 = 1.
e Solve for the scale factor g

Q eqn (1)

_/AN\

Y bp=cy and ¢y = Rxx[0]

n=0

J/

-~

eqn (2)
e Hence

Q

(g¥})* = Rx x[0]
i—0



from which:

_ | _Rxx|0]
g Q (172
iz (b))
and finally:
b =g x b, = Fxxl0) b

S ()2



Example It is required to it an MA model to the correlation data:

" Ry x|0] - 4.06 |
Rxx[l]| = | —2.85
i RXX 2 | i 9 |
Therefore

Q
> Rxx(r)z"
r=—qQ

—0.92"2—-2852"1 +4.06-2852+0.92
Factorisation of this polynomial gives the roots:

0.8333 £ 7 0.6455
0.75 4+ 7 0.5808 (ng,no roots inside unit circle)

which are plotted in figure 1. The roots inside the unit circle are identified



with B(z).
B(z) = g(1 — 2~ 'ny)(1 — 27 'ny)
g(1 — 27 (ng +n9) + 2 %nin9)
g(1— 27115+ 2720.9)

Thus

4.06
B(z) \/ (1—152"140.9272

1+ 1.52+40.92
—1—-1521409272

and the corresponding MA model is:
Tp = wWp — L.Owy_1+0.9w,,_9

where wy, 1s white noise with variance equal to 1.
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Figure 1: Zeros of B(z), B(z™1)
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